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Abstract 

Let _F be a p-adic field. If tt be an irreducible representation of GL{n,F), Bump and 
Friedberg associated to tt an Euler fator L{n , BF, si, S2) in 'B-F', that should be equal to 
L((?!)(7r), si)L((;/)(7r), A^, S2), where 4>{tv) is the Langlands parameter of tt. The main result of 
this paper is to show that this equality is true when (si, S2) = (s+1/2, 2s), for s in C. To prove 
this, we classify in terms of distinguished discrete series, generic representations of GL{n, F) 
which are Xa-distinguished by the maximal Levi subgroup GL{[{n + l) /2], F) x GL{[n/2], F), 
for any character a of F* , and Xa{gi,g2) ~ a{det{gi)/det{g2)). We then adapt the technique 
of ^C-Pj to reduce the proof to the case of discrete series. The equality for discrete series is 
a consequence of the relation between linear periods and Shalika periods for discrete series, 
and the main result of [K^ . 

Introduction 

This paper owes much to [C-P] . and follows the path of the adaptation of [C-P] used in [M2009] 
and [M2011J to study the local Asai L-factor. We sometimes clarify some arguments of [loc. 
cit.]. In our case, we have to deal with several technical complications, especially in the study of 
distinguished generic representations. 

Section [T] is devoted to the introduction of the basic objects. We recall a few facts about 
representations of Whittaker type and Langlands type. We continue with a reminder about 
Bernstein- Zelevinsky derivatives, and their classification of generic representations of GL{n, F) 
in terms of discrete series. We then recall results of |C-P| concerning the relation between deriva- 
tives and restriction of Whittaker functions to smaller linear groups. We end the section with a 
result of Bernstein, which is used to extend meromorphically invariant linear forms on the space 
of induced representations of GL{n, F). 

Let M be the maximal Levi subgroup GL{[{n + 1)/2],F) x GL{[n/2],F) of GL{n,F). We 
recall that if x is a character of GL{[{n + l)/2], F) x GL{[n/2], F), a representation tt of GL{n, F) 
is said to be x-distinguished if HomM{T^, x) is nonzero. In Section [51 we classify x-distinguished 
generic representations of GL{n,F) in terms of x-distinguished discrete series fTheorem l2.ip . for 
X a character of the form Xa(5i,52) = ct{det{gi) / det{g2)) , where a is a character of F*. Results 
of |M2012.2 j are used. When n is even, and x is trivial, our classification implies that tt is distin- 
guished if and only if its Langlands parameter fixes a non degenerate symplectic form (i.e. factors 
through the L-group of 5*0(2^ + 1, F)). 

In section [21 we recall some classical facts from [JPS| about L functions of pairs of irreducible 
representations of GL{n,F), and some other facts from [C-P| about their exceptional poles. We 
then introduce the Rankin-Selberg integrals which will be of interest to us, and which define a 



* Nadir Matringe, Universite de Poitiers, Laboratoire de Mathematiques et Applications, Teleport 2 - BP 30179, 
Boulevard Marie et Pierre Curie, 86962, Futuroscope Chasseneuil Cedex. Email: Nadir. Matringe@math. univ- 
poitiers.fr 



1 



local factor L'™(7r, Xq,s) for any representation tt of Whittaker type of GL{n,F). This factor 
satisfies a functional equation, and in general, it has an exceptional pole at zero if and only if 
TT is x~ ^-distinguished. We then prove rationality of the Rankin-Selberg integrals associated to 
a representation tt of Whittaker type, when tt is twisted by an unramified character of the Levi 
subgroup from which it is induced (Theorem 13. ip . 

In Section |4l using our classification of Xa-distinguished generic representations of GL{n,F), 
we prove the inductivity relation of the factor L'™(7r, Xa, s) for representations of Langlands type 
of GL{n,F), when a is of real part between —1/2 and fTheorem l4.2p . Then, using the relation 
between Shalika periods and linear periods for unitary discrete series A of GL(n,F), we prove 
the equality of i'™(A,s) (a is now trivial) and i(0(A),s + 1/2)L(A2(0(A)), 2s) for (t>{A) the 
Langlands parameter of A. The equality for irreducible representations follows (Corollary [431) ■ 

1 Preliminaries 

1.1 Notations and basic facts 

We fix until the end of this paper a nonarchimedean local field F of characteristic zero. We denote 
by D the ring of integers of F, hy w a uniforiser of F, and by q the cardinality of O/vaD. We 
denote by |.| the absolute value on F normalised by the condition \w\ — q~^, and v the valuation 
of F such that v{zu) = 1. If a is a character of F, and |.|c is the positive character z i— ^ (zz)^/^ 
of C*, the character \a\c is of the from |.|'" for a real number r that we call the real part of a, 
with notation r — Re{a). 

Let n be a positive integer, we will denote by G„ the group GL{n, F) of units of the algebra 
A4{n, F), and by Z„ its center. We denote by ?]„ the row vector (0, . . . , 0, 1) of i^", so if g belongs 
to Gm i]ng is the bottom row of g. We denote by K„ maximal compact subgroup GL(n,D) of 
G„, it admits a filtration by the subgroups Kn^r = In + nj^M{n,D) for r > 1. For g £ Gn, we 
denote by det{g) the determinant of and sometimes, we denote by abuse of notation \g\ for 
\det{g)\. If gi and 52 are two elements of G„, we denote by 51(32) the matrix 91^9291- 
We call partition of a positive integer n, a family n — {ni, . . . ,nt) of positive integers (for a 
certain <: in N — {0}), such that the sum ni + ■ ■ ■ + nt is equal to n. To such a partition, we 
associate a subgroup of Gn denoted by Pn , given by matrices of the form 

/ gi -k -k -k -k \ 
32 * * * 

★ kr ' 

gt-1 * 

V 9t J 

with gi in Gm for i between 1 and t. We call it the standard parabolic subgroup associated with 
the partition n. We denote by Nn its unipotent radical subgroup, given by the matrices 



and by Mn its standard Levi subgroup given by the matrices diag{gi, . . . , gt) with the g^^s in 
G„.. The group Pn identifies with the semidirect product Nn x Mn, we will denote N(^n~i,i) by 
Un- We will denote by the opposite group of Pn, which is its image under the transpose. 
If we consider G„_i as a subgroup of G„ via the embedding g 1— >■ diag{g, 1) we denote by P„ 
the mirabolic subgroup Gn~iUn of G„. We denote by An the diagonal torus M(^i i'f of G„, by 
Nn the unipotent radical and by i?„ the standard Borel AnNn- It will sometimes be 

useful, to paremetrise An with simple roots, i.e. to write an element t — diag(ti, . . . ,tn) of An, 
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as t = zi . . . Zn, where z„ = <„/„, and Zi — (ti/ti+i)diag(Ii, In-i) belongs to the center of Gt 
embedded in Gn- 

We denote by Wn the element of the symetric group ©„ naturally embedded in G„, defined by 

/l 2 ... m— 1 m m + 1 m + 2 ... 2rn — 1 2m\ 
1^1 3 ... 2to-3 2m-l 2 4 ... 2m -2 2m) 

when n — 2m + 1 is odd, and by 

/l 2 ... m— 1 m m + 1 m + 2 ... 2m 2m + 1\ 
1^1 3 ... 2to - 3 27n - 1 2m + 1 2 ... 2to - 2 2m ) 

when n — 2m is even. We denote by the semi-direct product A„©„, which is the normaliser 
of An in Gn- When n — 2m + 1, we denote by i?„ the group Wn{M(^ni+i,m)), by h{gi,g2) the 
matrix Wn{diag{gi, g2)) of iJ„ (with (71 in Gm+i and 172 in G„i). When n ~ 2m, we denote by 
Hn the group w„(M(^_™)), by h[gi-,gi) the matrix Wn(diag{gY,gi)) of i/„ (with and 32 in 
Gm). In both cases, if we denote by e„ the matrix diag{l, —1, 1, —1, . . . ) of G„, the group Hn 
is the subgroup of G„ fixed by the involution g i— ^ £ng£n- If a is a character of F*, we denote 
by Xa the character Xa ■ ^(51j52) ^ ct{det{gi) / det{g2)) of i7„, we denote by 6n the character 
(5„ = x\.\ ■ h{gi,g2) |5i|/|ff2| of Hn, and we denote by Xn (resp. /i„) the character of Hn equal 
to (5„ when n is odd (resp. even), and trivial when n is even (resp. odd). Hence Xn|ir„_i — Mn-i, 
and l^n\Hr^_i = Xn-i- If G is a subset of G„, we sometimes denote by C"' the set G n i?„. 

Let G be an Z-group (locally compact totally disconnected), we denote by dag or simply 
dg if the context is clear, a right Haar measure on G. For x in G, we denote by 6aix) the 
positive number defined by the relation dg[xg) = SQ^{x)dg{g). The modulus character Sg defines 
a morphism from G into R>o. We denote by Aq (which we also call modulus character) the 
morphism from G into K>o defined by a; 1— > SGix~^). If G is an Z-group, and H a subgroup of G, 
a representation (tt, F) of G is said to be smooth if for any vector v of the complex vector space V, 
there is an open subgroup Uy of G stabilizing v through tt. We say that a smooth representation 
(tt, V) is admissible if, moreover, for each open subgroup U of G, the space of CZ-fixed vectors 
in V is of finite dimension. In this case, V is of countable dimension. It is known that smooth 
irreducible representations of G„ are always admissible. The category of smooth representations 
of G is denoted by Alg{G), we will often identify two ismorphic objects of this category. If (tt, V) 
is a smooth representation of G, we denote by tt^ its dual representation in the smooth dual space 

of V. We will only consider smooth complex representations of Z-groups. If tt has a central 
character, we denote it by c^r. If G = G„, we write by abuse of notation for the character of 
F* defined by C7r(i) = Cj^{tln)- 

Definition 1.1. Let G be an l-group, H a closed subgroup ofG, and {tt,V) a representation of 
G. If X is a character of H , we say that the representation tt is (H , x)~ distinguished, if it admits 
on its space a nonzero linear form L, verifying L(TT{h)v) = x{h)L{v) for all v in V and h in H. 
If X—^j we say H- distinguished. We omit "H-" if the context is clear. 

We will be interested in the case G = G„, and H = Hn- In this case, it is shown in |JR| that 
if an irreducible representation tt of G„ is _ff„-distinguished, the dimension of HomH„{TT, 1h) is 
one, and tt is self-dual, i.e. isomorphic to tt^. 

If p is a complex representation of in V^, we denote by C°°{H\G, p, Vp) the space of smooth 
functions / from G to Vp, fixed under the action by right translation of some compact open 
subgroup Uf of G, and which verify f{hg) = p{h)f{g) for h £ H, and g £ G. We denote by 
C^{H\G, p, Vp) the subspace of functions with support compact modulo H of C°°{H\G, p, Vp). 
We denote by Ind'^{p) the representation by right translation of G in C°° {H\G, p,Vp) and by 
ind'^{p) the representation by right translation of G in C^{H\G, p, Vp). If H ^ {^g}, and p is 
the trivial representation acting on C, we write C^{H\G, p, Vp) = C^{G). We write C^(F") for 

the subspace of C^{F'^) consisting of functions vanishing at zero. We denote by Ind''^(p) the 
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normalized induced representation Indf^{{A.Q/ IS.hY^'^ p) and by ind''^{p) the normalized induced 
representation indfj ( ( Ag / A^) ^^^p) ■ 

Let n be a positive integer, and n = (ni, . . . , n*) be a partition of n, and suppose that we have a 
representation (pi, Vi) of Gm for each i between 1 and t. Let p be the extension to Pn of the nat- 
ural representation pi®- ■ - ^ptoi Mn — Gm x • • • x Gnt , trivial on Nn- We denote by pi x • • • x 
the representation ind''^"{p) — Ind''^"{p). Parabolic induction preserves admissibility 
According to Theorem 9.3 of |ZJ, if p is a cuspidal representation of Gr, and k > 0, the represen- 
tation p X • • • X p|.|'"'^^ of Gn, with n = kr has a unique irreducible quotient, that we denote by 
A = [p, . . . , |.|'^^^p], which is a discrete series (i.e. such that a twist of A by a character embeds 
in L'^{Gn/Z„)). Every discrete series representation of G„ arises this way, for a unique triple 
(fc, r, p), with n = kr. We can also call such a representation of G„ a segment. 

We recall that the map s q^'' induces a group isomorphism between C/-j|^Z and C*, 
we denote C/^^^Z, by V. Thus I? is a regular algebraic variety whose ring of regular functions 
identifies with C[(7*,g~*]. More generally, for t E N* , we denote by u the variable in I?*, we 
write q" = • ■ • ,9"*) and (7^" = . . . hence the ring of regular functions on V* 

identifies with C[g±"] = C[g±"i , . . . , g^"']. 

Finally, we denote by Wp the Weil group of F, by its inertia subgroup, and by Fr the 
Frobenius element of Wp (see [EH], Chapter 29). We set W'p^WpX SL{2, C), the Weil-Dehgne 
group of F. We recall that according to a theorem by Harris- Taylor and Henniart, there is a 
natural bijection from the set of isomorphy classes of irreducible representations of Gn to the the 
set of isomorphy classes of 71-dimansional semi-simple representations of Wp , called the Langlands 
correspondance, which we denote by (f). We denote by Sp{k) the (up to isomorphism) unique 
algebraic fc-dimensional irreducible representation of SL(2, C). By a semi-simple representations 
of Wp, we mean a direct sum of representations of the form t x Sp{k), where (r, V) is a smooth 
irreducible representation of Wp ■ We define the Artin L- factor of r to be 

L(T,s) = l/[(/rf-g-V(Fr))|^x,], 

where V^'' is the subspace of V fixed by Ip. We the define L{t x Sp{k), s) to be L{t, s + k/2). 
We extend the definition to all semi-simple representations of Wp by setting L{t (B t' , s) ~ 
L{t, s)L{t' , s). Then, by definition, the exterior-square L-function L(t, A^, s) of a finite dimen- 
sional semi-simple representation r of Wp is L(A'^(r),s), where A^(t) is the exterior-square 
of T. Similarly, the factor L{T,Sym'^,s) is by definition L{Sym'^{T), s), where Sym^{T) is the 
symmetric-square of t. 

In this paper, we will often say "representation" instead of "smooth admissible representation" 
and we will often say that two representations are equal when they are isomorphic. 

1.2 Representations of Whittaker type and their derivatives 

We recall properties of representations of Whittaker type, for which we can define Rankin-Selberg 
integrals. 

Definition 1.2. Let tt be a representation of G„, such that ir is a product of discrete series 
Ai X • • • X At of smaller linear groups, we say that tt is of Whittaker type. 

If the discrete series Ai are ordered such that i?e(cAi) ^ R^icAi+i), we say that tt is (induced) 
of Langlands type. If tt is moreover irreducible, we say that tt is generic. 

Let A = [p, . . . , p|.|'^] and A' = [p', . • ■ , p'M'" ] be two segments of G„ and G„' respectively, 
we say that A and A' are linked if either p' — p|.|', for i G {1, . . . , fc + 1}, and i + fc' > fc + 1, or 
p — p'|.|' , for i' £ {1, . . . , k' + 1}, and i' + k > k' + 1. We now fix untill the end of this work, a 
nontrivial character 9 of {F, +), which defines by the formula 9{n) — J27=i ^ character still 
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denoted 9 of -/V„. We have the fohowing proposition, which is a consequence of Theorem 7 of |R] . 
and Theorem 9.7 of [Z]. 

Proposition 1.1. Let n be a representation of Whittaker type, then HomN^{T^,0) is of dimen- 
sion 1. In particular, according to Frobenius reciprocity law, the space of intertwining operators 
HomGr^{i^,Indfj^{9)) is of dimension 1, and the image of the (unique up to scaling) intertwining 
operator from n to Ind^^{9)) is called the Whittaker model ofn. We denote it by W{tt,9). The 
representation ir is generic if and only if the discrete series Ai commute, or equivalently if the 
corresponding segments are unlinked. 

If TT = Ai X • • • X At is a representation of Wliittaker type of G„, and w is the antidiagonal 
matrix of G„ with only ones an the second diagonal, then tt : g i— > 7r(*(7^^) is isomorphic to vr^ 
when TT is generic, and of Whittaker type in general, isomorphic to A^ x • • • x A^. Moreover for 
W in W{-K,9), then W : g ^ W(w*g-^) belongs to W{^,9-^). 
We recall the following definition. 

Definition 1.3. We denote by $+ : Ald{Pn) Ald{Pn+i), : Ald{Pn) Ald{Pn-i), : 
Ald{Gn) Ald{Pn+i), ^I^^ : Ald{Pn) Ald{Gn-i) the functors defined in 3.2. of JB-Z^ . If n is 
a smooth Pn-module, we denote by ir^^^ the Gn-k-Tnodule ($~)'^~^^'~(7r). 

If TT is a representation of G„, we will sometimes consider Tr\p^ without refering to P„, for 
example we will write tt''"') for (7r|p^j''''). It is a consequence of b) and c) of Proposition 3.2. of 
|B-Z) . that when r is a P„ module, there is an vecotr space isomorphism _ffomjv„ (t, 0) ~ r*^"). 
From 3.2. and 3.5. of |B-Z| we have: 

Proposition 1.2. The functors \I'~v[/+ and are the identity of Alg{Gn) and Alg{Pn) 

respectively. For any Pn-module t, and k in {l,...,n}, the Pn-module Tk = ($+)'=-1($-)'=~1(t) 
is submodule of t, and one has Tk+i C Tk, with T^/Tk+i C {'^^)^^^'^'^ Ir'^^^) . 

For representations of Whittaker type, the previous filtration is determined by Lemma 4.5. of 
[EZ], and Proposition 9.6. of [ZJ. 

Proposition 1.3. Let A = [p,. . . , \.\^~^p\ be a discrete series of Gn, with p a cuspidal represen- 
tation of Gr, and n — kr. Then for I G {1, . . . ,n}, the Gk-i-module A^'^ is null, unless I = ir a 
multiple of r, in which case A*^'^ — [\.\^p, . . . , when i < k — 1, and A*^"^ — 1. 

If TT ^ Ai X • • • X Af is a representation of Gn of Whittaker type, and I G {1, . . . , n}, then n^''^ 
has a filtration with factors the modules A^'^^'' x • • • x A^'''^ for non negative integers Oi such that 
E*=i"» = k. 

Remark 1.1. Let tt be a representation of Whittaker type of G„, and W{Tr,9) its Whittaker 
model. Of course IIomff^{W{TT,9),9) is of dimension 1, and spanned hy W i-^ W{In). But 
considering the retriction to P„ of the representation of G„ obtained on the Whittaker model, 
this means that its n-th derivative is a vector space of dimension 1. Finally, the filtration of 
Proposition 11.21 implies that W{t:,9)\p^ contains ind^ (9) (which appears with multiplicity one, 
as the bottom piece of the filtration). It is shown in "j J_SJ that W{t:,9) is isomorphic to tt as a 
G„-module when tt is of Langlands type. 

The asymptotics of Whittaker functions are controlled by the exponents of the corresponding 
representation. 

Definition 1.4. Let tt ~ Ai x • • • x Af be a representation of Gn of Whittaker type. Let k be an 
element of {0, . . . , n}, such that ■k'^^^ is not zero, and let ai, . . . , a„ be a sequence of nonnegative 
integers, such that ^.i — ^> ^'^'^ A^"^'' x • • • x Aj"^*^ is nonzero. We will say that the central 

character of the Gn-k-module A^"^-* x • • • x A^'^''' is a k-exponent ofn. Ifn^'^^ = 0, the family of 
k-exponents of tt is empty. 

For convenience, we recall the asymptotic expansion of Whittaker functions given in the proof 
of Theorem 2.1 of jM2011.2] (see the "stronger statement" in [loc. cit.]). 
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Proposition 1.4. Let tt be a representation of Gn of Whittaker type, and for k € {1, . . . ,n}, 
let {ck,it.)it.=i,....rk be the family of (n — k)-exponents of then for every W in W{zi . . . Zn) is a 
linear combination of functions of the form 

n-l 

cAt{Zn)) n Ck,^M^k))\zk\^"~'^^'v{t{zk)^''Mt{Zk)), 
k=l 

where Zk = diag(t{zk)Ik, In-k), for ik between 1 and r^, non negative integers nik, and functions 
(t>k inC^iF). 

We end this section witli results of Section 1 of |C-P| . about tlie link between restriction of 
Whittaker functions and derivatives, which will be fundamental to obtain a factorisation of the 
L factor introduced in section [3T2] We collect them in the following proposition. 

Proposition 1.5. Let tt be a representation of Gn of Whittaker type, k be an element of 
{l,...,n — 1} and denote by p an irreducible submodule of the Gk-module 7r("~'^'\ Then p is 
generic, and we have the following properties. 

If W £ W{tt,9) actually belongs to the Pn-submodule W{T:,0)k (see Provosition \1.2\) ofW{'K,6), 
then the map W{diag(g, a, 1)) for g in Gk and a in An-k-i has compact support with respect to 
a. Moreover if W projects on W' in W{p,6) via the surjection tt — )■ tt'*^', then for any function 
(j)' in C'^{F^), which is the characteristic function of a sufficiently small neighbourhood of Q, we 
haveW{diag{g,In-k)W{m9) = W'(gW(f^kg)\g\^''~''^'^. 

On the other hand, any W' in W{p,0) is the image of some W in W{Tr,9)k, and there exists (j)' 
inC^iF^') with 0'(O) ^ 0, such that W{diag{g, In-k))<P' ivkg) = W {g^' {r)kg)\g\^"~'''>/^ . 

1.3 Meromorphic continuation of invariant linear forms 

We will use twice a result of Bernstein insuring rationality of the solutions linear systems with 
polynomial data. The setting is the following. 

Let F be a complex vector space of countable dimension. Let R be an index set, and let Sq be a 
collection {{xr,Cr)\r G R} with Xr & V and Cr € C A linear form X in V* = HomciV,C) is said 
to be a solution of the system Sq if X{xr) = Cr for all r in R. 

Let X be an irreducible algebraic variety over C, and suppose that for each d, we have a system 
2d = {{xr{d), Cr{d))\r e R} with the index set R independent of d in X. We say that the family 
of systems {Sd,d G X} is polynomial if Xr{d) and Cr{d) belong respectively to C[X] (E)c V and 
C[A']. Let A4 — C{X) be the field of fractions of C[A'], we denote by Vm the space M (8)c V 
and by the space HorriMiVMi -M). The following statement is a consequence of Bernstein's 
theorem and its corollary in Section 1 of |Ba| . 

Theorem 1.1. (Bernstein) Suppose that in the above situation, the variety X is nonsingular and 
that there exists a non-empty subset d X open for the complex topology of X , such that for 
each d in fl, the system has a unique solution Xd- Then the system S = {{xr{d), Cr{d))\r £ R} 
over the field Ai — C(A') has a unique solution X{d) in V^, and X{d) ~ Xd is the unique solution 
of Ed on fl. 

We give a corollary of this theorem which allows to extend meroniorphically invariant linear 
forms on parabolically induced representations. To this end, we recall a few facts about flat 
sections of induced representations, which are for example discussed in section 3 of |C-P| . Let 
TT = TTi X • • • X TTt be a representation of G„ parabolically induced from Pn , where each tt^ is a 
representation of G„; . If u = (ui, . . . , ut) is an element of I?*, we denote by 7r„ the representation 
|.|"i7ri X • • • X |.|"i7rt. We denote by the space of tt^- Call rju the map from G„ to C, defined 
by rju{nmk) — 0^=1 I'^iil"' , for n in Nn, m = diag{mi, . . . , nit) in M^and k in then / !-> rjuf 
is an isomorphism between the ii'n-modules V^r and T/^^. We denote by /„ the map rj^f when / 
belongs to V^^ (hence fo — f), it is clear that fu\K„ independant of u. If we denote by the 
space of restrictions fc — f\K„ for / in T/^, then /„ i~> /c is a vector space isomorphism between 
T4-„ and J^. Thus is a model of the representation tt^, where the action of G„ is given by 
T^uig)fc = (7r„(g)/„)c- For g in G„, the map u TTu{g)fc belongs to C[I?*] ®c ^-n- 
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Corollary 1.1. With notations as above, let V be an affine line ofD^ (i.e. a closed subvariety 
of'D*', such that there is an isomorphism i from T)' to D). Let H be a closed subgroup ofGn, and 
9 a character of H , such that for all s in T)' , except for s in a finite subset S of 2?', the space 
HomHij^s, x) of dimension < 1. Suppose that for every s in some subset fl ofV, open for the 
topology induced by the complex structure, there is in iJom^f (tt^., and that there is g in Vj^ 
such that Xs{gs) is a non zero element o/C[r2] which extends to an element Q o/C[2?'], then tTs 
is {H, x) -distinguished for all s in V' . 

Proof. We consider the space V — J>, which is of countable dimension. Let {fa)a£A be a basis of 
V, we consider for each s in V , the system Eg = {{7rs{h)fa — fa,Q), h G H,a G A}\j{{gs,c, Q{s))}- 
The family S is polynomial, and has a unique solution As : fs,c ^ ^sifs) for s in — Sfl by 
hypothesis. Hence, according to Theorem ll.il there is A in V^^^^/y such that A(s) = As on fi. Let 
P be a nonzero element of C[I?'], such that p, = PA belongs to V^jj,/]- Then, by the principle of 
analytic continuation, the linear map //(s) belongs to HomuiT^s^x) for ^-H s in 2?'. In particular, 
for So in f , if to G Z is the order of sq as a zero of //, the map (g"*^'*) — q^'^^'^°'>)^"^ fi{s) evaluated 
at So is a nonzero element of HomHiT^soi x)- D 

2 Classification of distinguished generic representations in 
terms of discrete series 

In the section, we give a classification, of (i/„, Xc()-distinguished generic representations of G„. 
We recall from ^M2012.2j . that for any maximal Levi subgroup M which is not conjugate to iJ„, 
and X a character of M, no generic representation of G„ can be (M, x)-distinguished. Moreover, 
discrete series (M, x)-distinguished if and only if n is even (and M ~ Hn). 

2.1 Representatives of H\G / P 

For this section, we will often write G ~ G„, H = i/„, W' — W^^, e for the matrix e„, and 
P — Pn for a partition n of n. We first give an invariant which characterises the orbits for the 
action of H on the flag variety G/P. We therefore identify the elements of G/P with the flags 
C Vi C • • • C Vt = y, where V = P", and dim(yi) = ni + ■ ■ ■ + Ui, thanks to the map 
g C gVi C • • • C gV^, where is the subspace of V spanned by the ni + ■ ■ ■ + Ui first 
vectors of the canonical basis. If C C • • • C Vt = is an element of G/P, as in |M2011| . 
when i < j, we denote by Sij a supplementary space of Vi n e(y,_i) + V^-i n e{Vj) in Vi n e{Vj). 
If i ^ j, we add the condition that the supplementary space Si^i we choose is e-stable, which is 
possible as e is semi-simple. Eventually, for 1 < i < j < t, we denote by Sj^i, the space e{Sij), 
and as in |M2011| . one has V = (B(k,i)G{i....,t}^Sk.i. If is a subspace of V, which is e-stable, 
we denote by W~ the eigen-subspace of e associated to 1, and by the eigen-subspace of e 
associated to —1. We denote by dij the dimension of Sij, which only depends on the 14 's, and 
by df^ and d~^ the dimensions dim{Sf^) and dim{S~^) respectively. 

Proposition 2.1. Let Q C Vi C ■ ■ ■ C Vt = V and Q C C ■ ■ ■ C ^ V be two elements 
of G/P, then they are in the same M -orbit if and only if dij = d[ ^ if i < j, and moreover 

Proof. Write V — ®(k.i)^{i,...,t}'^Sk,i. For \ < i < j < t, we choose an isomorphism hi^j between 
Si^j and S[ ,j. This defines an isomorphism hj^i between Sj^i and S'^ j, satisfying hj^i{v) = ehije{v) 
for all V in Sjj. 

Eventually, for each I between 1 and t, we choose an isomorphism hi^i between Si,i and S'l i 
commuting with e, which is possible as d/'; = rfj 

□ 
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Hence the elements of H\G/P correspond to sets 

s = {n^,j,l <i<j< i, < k < t} 

such that if we put rij^i — riij, and Uk.k — ''T't k + ""fc /c then rii = '^j.jj ^^'^ Sl^i '^fc fc — 

Xlfe=i '^fe fe when n is even, and X]I=i ''^t k — Sl=i "-fe + 1 when n is odd. We denote by I{n) this 
family of sets, and call its elements the relevant subpartitions of n. We will often write s = {riij} 
when the context is clear. As fi is a partition of n, we can write a matrix in G by blocks corre- 
sponding to the sub-blocks in s, we will in particular use the {{i < j), {j > i))-diagonal blocks of 
size Uij + rij^i, and the (i, i)-diagonal blocks of size rii^i. We hope that the notation is clear. 



Proposition 2.2. (Representatives for H\G/ P) 

Let s — {jT-i.j, 1 < i < J < i, (^fe fej^'fe A:)j ^ l£ k < t} be an element of I{n). 

Let Us be any element of G such that UgeuJ^ is the block diagonal matrix with {i,i)-block 

^ / '^^'^ i)i i))-th diagonal block ^ ^ ^"'"^ ^ , (which is possible 

since e and are conjugate), then HuJ^P corresponds to to the element s of L{n). 

For an (almost) explicit choice, we denote by Og the block diagonal element with {i,i)-block !„■ ■, 

and {{i < j), {j > i))-th diagonal block 

•\/2 \ -^ni j ^"i.j 



and choose for Ws an element of W such that Wsew^ ^ has (i < j)-th diagonal block /„. . , (j > i)- 

th diagonal block ~Ln.., and {i,i)- diagonal block I then Ug = agWg is a possible 

V ~ ".^./ 

choice. 

Proof. Using the notations of Proposition 2.1 of |! M2011| . we denote Si,j = Us(V^j). It is clear 
from our choice of Ug, that dim[Sf^) — n^^ and dim{S~^) — n~^, and that e{Si_j) = Sj^i if i < j. 
Hence it is now clear that the flag of the Vi's, defined by Vi = Us{V^^), corresponds to s. □ 

Hence a set of representatives for P\G/H is Ug, for s in I{n). 



2.2 Structure of the group P fl UsHu^ ^ and modulus characters 

Let Us be an element of R{P\G/H) as in Proposition 12.21 corresponding to a sequence s = 
{riij,! < i < j < t, {n'^ f.,n^ < fc < t} in I{n), and the matrix UgeuJ-^. We give the 
structure of the group P O UgHuJ^ following |M2011j . We already notice that the subgroup 
UgHuJ^ is the subgroup of G fixed by the involution Og ■ x i-^ Wge{x)wJ^ , where Wg is the 
element Uge{ug)^^ of W' . We notice that 9g is nothing else than x i— egxe^^. If C is a subset 
of G, we denote by C^^'^ the subset G H UgHuJ^ of C. We sometimes, by abuse of notation, 
denote by s the subpartition of n by the n^j 's, hence the notation Pg makes sense, and designates 
a parabolic subgroup of G included in P. 

The Proposition 3.1. of |M2011j is still valid, with the same proof. 
Proposition 2.3. The group P n UgHuJ^ is equal to Pg n UgHu^^ . 

Now, as Ug is Pg-admissible (see |JLR| ). and Lemma 21 of [JLR| applies. 
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Proposition 2.4. The group P<^s> = P n UsHu^ ^ is the semi-direct product of Mf^"^ and 
Nf^-^. The group Mf^^ is given by the matrices 

Ai.t 

A2S 



At,i 

At,t_ 

with Aj_i ~ Aij in Gm j , and Ai_i in the standard Levi subgroup of Gm i of type {nf-, n~-). 

We will thus often write an element of Mf^'^ as 

m = diag{mf^^,m^^^, . . . ,mij, . . . ,mj,j, . . . ,m^j,mj~(), 

with mf 1^ in G^+ , rn'^ in G^- , and m^j- = m^-^i in Gmj- Proposition 3.3 of [M2011) is also 
still valid, with the same proof. 

Proposition 2.5. // we denote by the standard parabolic subgroup M n Pg of M , and by N'^ 

the unipotent radical of P'^, then the following inclusion is true: 

N', C iV<^>7V. 

We are now going to give some relations between modulus characters, which will be used in 
the next section, for the classification of distinguished representations of G„. 

Proposition 2.6. Let n be a positive integer, and s be an element of I{n). If jj, is a character 
of H , we denote by the character h^ i— >■ ^{uJ^hsUg) of UsHu~^ . Let a be a character of F* , 
and Xa ■ h{gi,g2) ^ a(det{gi) / det{g2)) the associate character of Hn- We have the following 
relations. 

1. {5p5p>)^j^,j<e,> = ((5pJ|j^^<£»,> . 

2. Let k and I be integers between 1 and t, with k < I, and denote n — 2nk^i by n' , set 
n' = {ni,...,nk — n}~j,...,ni — ni^k, . . . ,nt) and call s' the element of I{n') equal to 
s — {nk,i,ni,k}- According to Proposition \2.4\ one has a natural isomorphism between 
Af^/' X Gn^ I and Mf-^"^ given by i : (to', g) i— )■ diag{m'^ ^, . . . , g, . . . , g, . . . , toJ j), with g in 

positions (fc < /) and (l > k). We have the equalities: — = — ^172 — (to') and 

Xai'ii'n^' , g)) — Xq(w')- In particular, forn odd, we have the equality S'^{i(m' , g)) = 6!^,{m'). 

From now on, we suppose that ni = ni^i for every i, and that nf^ — n^^ when > 1. 

3. If nt = nt.t, and nff. — n^^ (hence nt is is even), we denote n — nt by n' , we set n' — 
(ni, . . . ,nt-i) and call s' the element of I{n') equal to s — {nt}. According to Proposition 
\2.4\ one has a natural isomorphism between "'^ x Mi^m/2.nt/2) and Mf^"^ given by 
i : {m',g) 1-^ diag{m',g). 

We have x^^{i{m' , h)) — Xa {m')a{det{hi) / det{h2)) for h = diag{hi, /12) with hi in Gm/2- 
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<5 <e > p<''s'> 
For n even, we have the equality: -^-p-/2 — ih)) = — ^772 — ('^')- 

For n odd, we have: — — {i{m',h)) = — - — ^772 {m'). 

4- When n = 2a + 1 is odd. Suppose that Ut — nt^t = 1- If nt.t — nff ^ n ^ 

1, n' = (rii, . . . , rif-i) and call s' the element of I{n') equal to s ~ {nt}- According to 
Proposition \2.4\ one has a natural isomorphism between M"^^"'^ x F* and Mf^'^ given by 
i : {m',Xt) H' diag(m' ,\t)- We have the equalities: 

and 

If Tit — Ti^t' there exists k < I such that nij = n'^^ = n^.k = k ^ '^^^ ^f for fn in 
M<'^->, we write m" = diag{mi,i, . . . , ml_-^t^_^,ml^-^f^^-^, . . ■ , ™r-i,i-i' ■ • ■ ' ^t.t), 

then there is a positive character v with parameter m" , and a couple (dk,di) equal to 
(-1/2,-3/2) or (-3/2,-1/2) such that: 

and 

for some character Va of m" . 

5. When n = 2a is even, suppose nt — nt^t — 1, set n' = n—1, and n' — {ni, . . . , nt_i}. 
If Tit, t = Ti^t) ca^^ s' the element of I{n') equal to s — {nt}, whereas if nt^t — Tift: call s' 
the element of I{n') obtained from s — {nt}, by exchanging nf^ and nj^ for all i between 

1 and t — 1. In this latter case, we write w{m') the element obtained from m' in M^^"'^ , 
exchanging mf- and ra^^ for i in {1, . . . ,t — 1}. One has a natural isomorphism between 

M^^''^ X F* and Mf^"^ given by i : {m' , Xt) 1— > diag(rn' ,\t) when nt^t — Ti^f '^Tid i : 
{m' , Xt) I— 7> diag{w{m'), Xt) when nt^t — Tiff have the equalities: 



and 

X^(z(m',AO=Xa'(m')«-'(At) 

when nt = n'^t) whereas 

x'M^\Xt)^{xi)-\Tn')a{Xt) 

when nt — nft ■ 

Proof. As the characters are positive, and Mf^'^ is reductive, according to Lemma 1.10 of [KTJ, 
we need to check this equahty only on the (connected) center Zf^'^ of Mf^"^ . An element A 
of Zf^'> is of the form diag{Xfj^+^ , X^J^-^ X^.,In,, , . . . , Aj- . , . . . , Xftlnl, ' KtL;J^ 
with Xij — Xj i when i < j. All the assertion on Xa ^ consequence of the following formula: 

* a(A+ )"^' * aiTn+J'^'- 

i=i a{Xi J " ,=1 a(m,_J 



10 



t |A+.|<- 

As a particular case, when n is odd, by definition of one has ^^(A) = ni=i — ~^ hence, for 



m in M/^»>, one has 



* 'm+,| 



=1 



Let *Tt be Lie{Np), 91^ be Lie{NpJ and 9l's be Lie{Npi). The characters and (5p' sat- 
isfy 6p{m) = \det{Ad{m)\^)\ and (5p^'(m) = \det{Ad{m)\^/ J\ for m in Ms, hence the equahty 
((5p(5pj)|M, = Sp^ |J^^^ holds as we have = ^'s ® this proves 1. 

In the situation of 2., write an element m of Mf^"^ as diag{mi, g,m2, g,ms), with m' = 
diag{mi,m2, m^) G M^, ° , and denote by the number of terms on m^'s diagonal, then one has, 
^p^'^i^) = 4;', I""-' ksT^'^'' but (5p^(m) = (5p^,(m')|mi|2"'=.'|m3|-2"'=.'|5|2'^3-2ai^ 

and the 2. follows. 

If rij = rij,, for all i, we have the equality 



and 



)=nK 



In the situation of 3., write an element m of Mf^"^ as diag{m' ,m^f,m^f), with to' S M^^'^ . 
One has (5p3(to) = ^p^,(to')|to'|"'(|to^(||to^j|)"*~". Moreover, for n even, one has 

5<f^>(TO) = <5^;:(TO')|mr'/'(|m+ ||m,-,|)(--")/2, 

whereas for n odd, one has 

<5<^»>(m) = 4;;(m')|m'r'/'|m+ |("*-"-^)/'|m,-;j("*-"+i)/^ 

The proof of 3. follows. 

In the situation of 4., if nt,t = nit, writing At for m^ ^ G F*, one has 

J<^>(m)=5<;;'>(TO0nK,||A,|(-^-<.). 

i=l 

is equal to a (where n = 2a + 1), hence 5p^'''{m) = Sp^^'''^{m') 11^=1 ["^i^JI'^t I""- 

Now 

t-i 

5p^(to) = dp^,{m') Yl |m+ llm-JIAtr^-, 

hence 

^(m) = ^(to') n 
and the wanted relation follows when rit^t = nff.. 

In the situation of 4., if rit.t = n^^, let n„^^„i, . . . ,n„^,„^ (with ui < ui+\) be the rij^j's which are 
equal to 1 (hence r = 26 + 1 is odd as n is odd, and Ur = t) . One checks (by induction on b 
for example), that there exists p between 1 and r, such that nup,up = '^JpjUp) and the number 
of i's such that Ui < Up, and n„.,„. = n+ „. is equal to the number i's such that Uj < Up, 
and riui^m = ^, (hence the number of i's such that Ui > Up, and nu;,u, = n^, ^, is equal 
to the number i's such that Ui > Up, and n„j,„^ = n~. „.). One also checks (by induction on 
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b as well), that b ecause f^ur^uj. — u ^ there exists c[ between 1 and such that — 
"■m, m, ' ^'^^ number of i's such that Ui < Up, and riu^.m = n^. is equal to 1 plus the 
number z's such that Ui < Up, and iiu^^ui = n~. (hence the number of z's such that Ui > 
Up, and nui,ui = n^- is equal to the number i's such that Ui > Up, and = n~. „. 

minus 1). Let k = min{up,Uq), and I — max{up,Uq), and write m" as in the statement of 

S«>s> 

the proposition, then one has -j^ — (m) = ^i{m")\mug.u^\^^ for some positive character /ii, so 

that J — — (m) ~ ii{m")\mup,up\~^^^\''nug,ug\^^^^ for some positive character /i (as well, 

Xa(m-) = fa('Ti")Q^("^"p,Mp)'^("^M<,,M,) for some character a), and this proves 4. when rit^t = n^^. 
We finally prove 5., and start with the case rit^t = n^ t- In this case 

t-1 t-1 
where n = 2a. But ^p^(to) = Sp,{m')Yllzl |™i''J|™i~J|At|^~^°, and finally, one has 



1 (™) = ~x 

dpi/2 dpi/2 



M = i^{m') n Kr'^'\m~f/'\Xt\'/\ 



which is the wanted formula. 

If rit^t = n-tt^ write m = diag(w{m'), At) for m £ Mf^^-^, m, G Afj7 and \t £ F* . 
Then <5<f=>(m) = x(^(m'))n:ii hK)^^*!''^'^^' = x(^i'K))n*:! kMl|Atr^ for 

Xiwim')) = n k(mO+J<^k(mO+r""k("^0.-J"-^>(mO,T,r"'^-, 

i<j<t-l 

hence 

i<j<t-l 

by definition of s'. For the same reason, we have 6p^ (m) = 6p , (m') 111=1 l'^^ill"^ril|Atr^^°- We 
deduce that: 



1 (™) = 1; 

dpi/2 dpi/2 



By definition of s' in this case, we have (5^ ) ^/^(m') = Ili^i I'^^iT^^l^^i i\ ^-'^d f^is conludes 
the proof. 

□ 



2.3 Distinguished generic representations 

Let Pr be the continuous map defined by Pr : g i— >■ geg^^ , it induces a continuous injection of 
X = G/H onto the conjugacy class Y — Ad{G)e, which is closed as e is diagonal. We start with 
the following lemma. 

Lemma 2.1. The double class PH is closed. 

Proof. The double class PH is equal to Pr^^ {Ad{P)e), hence the lemma will be a consequence 
of the fact that Ad{P)e is closed. But Ad{P).e is Zariski closed in G according to theorem 10.2 
of |B-T| . As F is of characteristic zero, then Ad{P)e is open and closed in Ad{P)e{F) according 
to corollary A. 1.6. of [A-GJ, and we are done. However it is possible to give an elementary 
proof whenever the characteristic is not 2. Let p be an element of P n Ad{G)e. Then p = g£g~^ 
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for some g in G, hence pg — ge. Now write g — p'wu with p' (li P, w £ W , and u in a 
subset of U of such that (p, u) i-> pwu is a bijection (see for example [C], before Proposition 
1.3.2). Then pp'wu = p'wue = pw~^(e)we{u), hence pp' = p'w~^{e), and p e (e). In 

particular Ad{P).e{F) C Pn Ad(G)e is a disjoint union of orbits Ad{P)w{€) for some w^s in VF'. 
But any w(e) is diagonal, and conjugate to e by an element of P, this implies at once that it is 
conjugate to e by an element of M. hence by an element of A/, as w{e) has coefficients in F. Thus 
Ad{P)e{F) = Ad{P)e, and the result follows. □ 

We need the following result about preservation of distinction by parabolic induction. 

Proposition 2.7. Let ni — 2mi and n2 = 2m2 be to even integers, let a be a character of F* . 
Let TTi be a {Hn^,Xa)- distinguished representation of Gm, and 7:2 be a (Hn^jXa) -distinguished 
representation of Gn2, then tt = tti x 7r2 is {Hnj^+n27Xa)-distinguished, and tt' = tti x aj.!^"'^/^ is 
{Hni+i,XaSni+i)- distinguished. 

Proof. Let P be the standard parabolic subgroup of G with Levi M = G„j x G„2, and H = 
Hni+n2- As PH is closed, we deduce that indp^fj^S^/'^iTi (g) 7r2) is a quotient of tti x 7r2. But we 
have 

H 1/2 1/2 

HomH{indpf^fj(.^p tti <S) Tr2),Xa) ^ Horn pnniSp t^i ® '^2,6pnHXa) 

by Frobenius reciprocity law. We claim that 6p = S^^jj on P C\ H . It suffices to check 
this on the center ZMnH of M n H. An element ZMr]H is of the form z{ti,ui,t2,U2,V2) = 
diag{z{ti,ui), z(t2,U2)), where 

hi \ / *2 



z{ti,Ui) 



Ul 



v 



e Gm, z(t2,U2) = 



Ul J 



U2 



t2 



\ 



Then one checks that 

5pnH{z(ti,uiM,U2,V2)) = (|ti|/|t2m'"n|wi|/l"2m' 

whereas 

5p(z(tl,Ml,t2,U2,«2)) = \tlUir'''- /\t2U2\r"'\ 

and the equality follows. Finally, we deduce that 

Homniindp^HiSp^'^i ®'^2),Xa) - HoniMnH {t^i ®'^2,Xa 



\ 



U2 J 



e G„ 



Xa), 



hence is nonzero by hypothesis, and tt = tti x 7r2 is {H, XQ)-distinguished. 

For tt', the proof is the same. This time H = iJ„j+i and P is the standard parabolic subgroup of 
G — Gni+i with Levi AL — Gm x Gi, and we write 6 for 6m+i. The iJ-module indp^fj{Sp^^T:i (8) 
a|.|^^/^) is still a quotient of tti x Q!|.|~^/^ and we still have 

HomHiind^^Hi6p^^^i^a\.\~'^^),Xo.6-'/^-) ~ HojnMnH{6l/\i ® a\.\-'^^ , SpnHXo.S~'^^). 

An element of the center Zmhh is of the form z{ti,ui,t2) = diag{z(ti,ui),t2), with z{ti,ui) as 
before, and one checks that <^pnH(z(ii, ui, ^2)) = |/|i2|)'"S whereas 

s'j\ziti,ui,t2))^\tiuir/y\t2r\ 

hence %f = |ii|"i/2|y^|-mi/2^ Finally, one has 



6-'/^ziti,ui,t2) = \ti\-"''/^\t2\-'/^\uir/^ 
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hence the character x = "^-^^"^"^ ' of M f] H is equal to x ■ {hi, \t2\ for hi m Hm- 

We deduce from the isomorphisms 

i/0TO/f(mdpn^(5y^7ri(K'a|.|~^/^),Xa<^"^^^) ^ HomMnH{T^i'S)a\.\^^/'^ ,XaX) - HomMnH{'^i,Xa), 

that the first space is nonzero, hence tt' is XQ<5^^^'^)-distinguished. □ 

When 71 is even, (_ff„, XQ)-distinction is equivalent to (iJ„, x~^)-distinction. 

Lemma 2.2. Let a he a character of F* , and ir be a representation of Gn, it is {Hn,Xa)- 
distinguished if and only if it is (iJ„, x^^)-disim5Mis/ied. 

Proof. It is enough to show one implication. Suppose that tt is {Hn, Xc[)-distinguished, and let w 
be a Weyl element of G„ which satsifies for all (72) in G„, the relation w{h{gi, 32)) = h(g2, gi). 
Then tt"' — t: ow is isomorphic to tt. But if L is a linear form which is Xa)-iiivariant on the 
space of vr, it is (_ff„, ^)-invariant with respect to tt"'. □ 

We will also need to know that, when n = 2m is even, a representation of the form tt x tt^ 
is (7?„, XQ,)-distinguished for all characters a of F* . For this purpose, we introduce the Shalika 

/ n x\ 

subgroup -Sri = {( ^ ^] ,g & Gm,x G MmiF)} of Gn- We denote by 9 again the caracter 

g X 
a 



9. 

^ e{Tr{x)) of 5", 



Proposition 2.8. Let n = 2m be an even positive integer. Let A be unitary discrete series of 
Gn, and a a character of F* . The representation Us = M^A x |.|^''A^ is {Sn, 9) -distinguished 
for any complex s. As a consequence, Us is {Hn, Xa)- distinguished whenever it is irreducible. 

Proof. For the first part, we introduce a parameter complex s, and consider the representation 
lis = 7r|.|'' X TT^I.I^". If T^s is the smooth function 

ijs : diag{gi,g2)uk G M(„^„)7V(„^„)ii:„ (|gi|/|52|)^ 

on Gn (hence 77^ corrsponds to the map ri(^s,-s) of section [1.3^ . then f ^ fs ~ Vsf is a C- vector 
space ismorphisme from 11 to lis. We will denote by f]s the map g £ G ris{wg), where we 



denote by w the matrix . ^ 

One can express ijs as an integral, see |M2010| . Lemma 3.4. 

Lemma 2.3. (Jacquet) Let (f> be the characteristic function of Ai{m, O), then from the Godement- 
Jacquet theory of Zeta functions of simple algebras, the integral (f>Q{h)\h\^dh is convergent for 
Re{s) > m—1, and is equal to 1/ P{q~'^) for a nonzero polynomial P. Then, for Re(s) > (to— l)/2, 
and g in Gm, denoting by $ the characteristic function of A4ni,2mi^) (matrices with m rows and 
2m columns) one has 

U9) = piq''n\9\' I m,m\h?'dh. 



Let L be the linear fomr w (g) H> w^(w) on tt (g) tt^. We define formally the linear form 
As : /. ^ / L{fs){w ^ \)6-\x)dx 

on the space of lis. However, for Re{s) > {m — l)/2, we have 

As(/s)=/ r)sf^™ ^)L{fo){w(^"^ ^\)e-\x)dx 

= P{q-'nf f <^{h,hx)L{fa){w(^'^ ^\)\h\^'e-\x)dhdx 

JxeM^ JheGm. V "V 
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= P{q-'nf I Hh,x)L{fo){w(^"' '''''))\h\'''"'\xre-\x)dhdx. 

As g 1-^ L(/o)((7) is a coefficient of the representation H, which is unitary, it is bounded, hence this 
last integral is absolutely convergent at least for s > m/2. Moreover, as P(m,m) W^^(m,m) is open in 
Gn, the space C^(P(„i_,„)\P(„_TO)U'A^(m^m), (5p^ J.|'*A(8)|.|~*A^) is a subspace of Us, but it is also 
isomorphic to C^{N(^„^ „)) (81 Va^a^ (by restriction of the functions to N(^„^ nj)). Composing with 

fl x\ 

L, implies that the space of functions Lf„ : x i-> L(/o)(u' ( ™ / j contains C^{Aim)- We now 

2/2 

fix ho in C^{P(^jn „i)\P{m,m)wN{m,m)T^p^ ® such that Lhg extends the characteristic 

function of Aimi^'^), for k such that C Ker{9). One has, for good normalisations of measures, 
\s{hs) = 1 for all Re{s) > m/2. Finally, by |JR| . it is know that Homs^(ns,S) is of dimension 
1 for all s except maybe the finite number for which Us is reducible. Bernstein's principle of 
analytic continuation of invariant linear forms f Corollary II. ip ) then implies that Us is {Sn,9)- 
distinguished for all s. Finally, according to the proof of Proposition 3.1. of |FJ| . which applies 
to any irreducible tt such that Homs„{TT,0) ^ thanks to Lemma 6.1. of |JR| . we see that 
Homs„(ns,S) ^ implies that HomH„(ns,Xa) 7^ when IIj is irreducible. □ 

Remark 2.1. The step iJomg^ (H^, (?) ^ implies that HomH„{^s,Xa) 7^ actually holds for 
any s (see 6.2. of |JR| 1. but we don't need it. 

Now we state the main result of this section. For its proof, and only there, we will write 
[j.j'^^^p, ■ ■ ■ , p] for the segment denoted everywhere else [p, . . . , j.!*^^^/?], because this is more con- 
venient to compute Jacquet modules of such representations. 

Theorem 2.1. Let n = Ai x • • • x At be a generic representation of the group Gn, for n even. 
It is Hn- distinguished if and only if if there is a reordering of the A^ 's, and an integer r between 
1 and [t/2], such that A^+i — A^ for i — 1,3, ..,2r — 1, and A,; is (Hn^^Xa) -distinguished for 
i > 2r. 

— 1/2 

Let TT he a generic representation of the group Gn; for n odd. It is (^n; Xa^^n 

)- distinguished if 

and only if it is of the form tt x a|.|~^/^, for tt a (iJ„_i, Xa) -distinguished generic representation 
of Gn-i such that n x a|.|^-'^/^ is still generic (equivalently irreducible). 



For convenience, we will say that a representation of the shape described in the preceeding 
theorem is iJ-induced. First let's check that these representations are indeed distinguished. In- 
deed, if a representation tt of G„ is (iJ, XQ)-induced, it is (_ff„, XQ)-distinguished when n is even, 

and {HmXa^n )-distinguished when n is odd according to Propositions 12 . 71 and 12.81 

1/2 

We now prove Theorem l2.1l Let x be equal to \h when n is even, and to (5„ when n is odd. Let 
A be the representation Ai (g) • • • ® At of P, by Bernstein-Zelevinsky's version of Mackey's theory 
(Theorem 5.2 of |B-Z| ). the i?-module tt has a factor series with factors the representations 
^^((^y^A)^) (with {5]l'^A)s{x) ^ S]^^ A{usxu-^)) when Us describes R{P\G/H). 
Hence if tt is (_ff, x)-distinguished for a character of iJ, one of these representations admits a 
nonzero (_ff , x)-invariant linear form on its space. This implies that there is Us in R{P\G/H) 

such that the representation ind""^^" (S]J'^ A) admits a nonzero WciJuT-'^-invariant linear 

form on its space. Frobenius reciprocity law says that Hom^ ^^-i(ind^^^^''^^_i{S^'^ A),xXa) 

1/2 

is isomorphic as a vector space, to Homp^{5p A,5 p<es>x'^Xa)-i we already saw the equality 
Pf^UsHu-^^Pf'^''>. 

Hence there is on the space Va of A a linear nonzero form As, such that for every p in Pf^'^ 

and for every v in Va, one has As{A{p)v) — — -{p)As{v). The characters Sj, , 5p^°^ 

and x'^Xa ^''^ trivial on Nf^'^. Let n' belong to iV^, from Proposition 12.51 we can write n' 
as a product nsUo, with in Nf^'-^, and no in N. As N is included in Ker{A), one has 
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As{A{n'){v)) = As{A{nsno){v)) = As{A{ns){v)) — As{v). Hence Ag induces a nonzero linear 
form Ls on the Jacquet module of Va associated with N'^, which is by definition the quotient of 
Va by the subspace generated by the vectors A{n)v — v, for n € iV^ and u e Va- But we also 

g<Bs> s s 

know that Ls{A{nis)v) = ^" — -{m')Ls{v) for m in Mf^"^, which reads, according to 1. of 
Proposition 12.61 Ls{Sp, {ms)A{ms)v) — — -Ls{v). 

g<Bs> s s 

This says that the linear form Lg is {Mf^"^ , "^^ ^^^^ — ^)-distinguished on the normalised Jacquet 

^Ps 

module rMB,M{A) (as Mg is also the standard Levi subgroup associated with N'g). 

We are going to prove by induction on n, that if for some character a of i^*, and some s, the 
Ms-module tm^.m (A) is (Af<'^°>, ^° ^° )-distinguished, then TT is (77, XQ)-induced. 

^Ps 

We write each under the the form [A^.i, . . . , A^.t] according to s, then rj\,/^^j\/(A) = 
Ai.i ® • • • ® At.t by Proposition 9.5 of 

We now start the induction, the case n = 1 is obvious. For n = 2, if tt is a discrete series 
A. Then n = ni = 2, and n^j^ = n^i = 1, otherwise A would (6*2 , /i)-distinguished for some 
character, hence would be a character, which is absurd. But then Mg — G2, Mf^"^ = H2, both 
6p^ and Sp^"'^ are trivial, and A is (7^2, XQ)-distinguished. 

If TT is a principal series xi x X2) then n = (ni,ri2), then Mg = F* x F* , hence dp^{diag(u,v)) — 
\u\/\v\ for any possible s, and there are three cases. If rti = ni_2, and rti = ni,2, Mf^'^ = 
{diag{t,t),t e F*}, and Sp^"^ = 1, hence Sp^, Sp^"^, and Xa are all trivial on M<^^>. 
This implies that X2 — Xi^ ^ and tt is (TJ, Xa)-iiiduced. If ni = n^^ and n2 — f^^2' then 
Mf<^s> ^ ^ p* p*^ and (5<''=> = 1. This implies that n = a\.\~^^^ x a~^\.\^/^ , hence tt is 
{H,Xa)- induced (if a^, this case doesn't happen because xi and X2 are unlinked). The last case 
ni = and n2 — is similar. 

1. If there is i < j such that A^j- is not empty. We take j = I a,s large as possible, such that 
there is i < I with Aj_; non empty. Then A/ — [Ai^k, ■ • • , A;^/], with Ai^k non empty for some 
k < I. We denote n — 2ni^k by n', we set 

n' = (ni, . . . ,nk-i,nk - n;,fe, rife+i, . . . n/ - n;,fc, . . . , n*), 

and denote by s' the element s — {nkj,n,i^k} of I{n'). Let A/' the standard Levi subgroup of G„/ 
corresponding to the partition n', and by A' the M'-module 

Ai (g) • • • (Ki Afe_i (g) A'fe (g) Afe+i (g) • • • (g) A,_i g) AJ g) A,+i g) • • • g) At 

with AJ, = [Afc.i,...,Ai;,;_i], and A[ [A;+i,fe, . . . , A;,;]. Then, as the Afs-module rM,.M{A) 

g<<>3> S S 

is {Mf^"^, — ^ )-distinguished, the 2. of Propositon 12.61 implies that the Af^, -module 

^Ps 

tm' ,a/'(A') is (Afg/^ — 172 — ^ )-distinguished, and Ai^^ — ^ki- Hence by induction hy- 
pothesis, the G„'-module 

tt' = Ai X • • • X Afe_i X Afe X Afe+i x • • • x A;_i x Aj x A;+i x • • • x A*, 

is (iJ, XQ)-induced. If AJ was not equal to A'^, they would be of different length because they 
have a common edge, and as both A'j,^ and A!^ appear in tt', they would appear in tt. If A'^ was 
longer than AJ, then A; = [Aj^/j, AJ] and A'^^ would be linked, which is absurd. If A!-^ was longer 
than AJ,., then A^ ~ [A'j,,Afc^i] and A!^ would be linked, which is absurd as well. We conclude 
that AJ = AJ,^; hence tt is (77, XQ)-induced. 
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Hence we are reduced to the case where far all i between 1 and t, one has — Ai^i, more- 
over, according to Theorem 3.1 of |M2012.2] . for every i such that rii = ni,i > 1, one has = nf^. 

2. If rit.t > 1, then rit^t is even, with nf^. = n^^j. We denote n — rit^t by n' , by s' the element 
s — {nt,t} of I{n'), by M' the standard Levi subgroup of Gn' corresponding to the partition 
n' — (ni, . . . , fit-i) of n', and by A' the Af'-module 

Ai ® • • • (g) At_i. 

g<^B> S S 

Then, as the M^-module tm m(A) is (Af<^=>, i„ — ^)-distinguished, the 3. of Propositon l2.6l 

implies that the M^, -module tm' ,m'(^') is {M'^,^^"''^ , — yj2 — ^)-distinguished, and At = At.t 
is (Ht, XQ)-distinguished. Hence by induction hypothesis, the G„'-module 

tt' = Ai X • • • X At_i 
is XQ)-induced, hence tt = tt' x At as well. 

3. If nt^t — 1, and n is odd. If nt,t was equal to n^i, then, according to 4. of Proposition 12. 61 
the characters Q!|.|^^/^ and aj.!^"^/^ would appear amongst the A^'s, wich is absurd as they are 
unlinked. Hence rit^t — nf^. We then denote n — nt,t — n—lhy n\ by s' the element s— {?^t,t} of 
I{n'), by M' the standard Levi subgroup of G„' corresponding to the partition n' — (ni, . . . , rit-i) 
of n', and by A' the M'-module Ai (g) • • • (g) Af_i. The 4. of Propositon 12.61 thus implies that 

the M^,-module rM',,M'{A') is (M^,^^°'^, ^^2" )-distinguished, and At = At,t = a\.\-^/^. 

s" 5p^^ 

Hence by induction hypothesis, the G„'-module 

tt' = Ai X • • • X At_i 
is i/-induced, and n = tt' x a\.\^^/^ as well. 

4. We are left with the case nt,f — 1, and n even. In this case, we set n' = n — 1, and 
n' = {ni, . . . , rit-i}. If ?if,t = "-t"*: call s' the element of I{n') equal to s — {rit}, whereas if 
rit.t = nff, call s' the element of /(n') obtained from s — {rit}, by exchanging and n.^^ for all 
i between 1 and t — 1. We let again AI' the standard Levi subgroup of G„' corresponding to the 
partition n', and A' be the Af '-module 

Ai (g) • • • (g) At_i. 

As the Af^-module rAf^,M(A) is {Mf^''-^ , ^° 1/2 ° )-distinguished, the 5. of Propositon l2.6] implies 
that the Af^, -module rM',,M' 

(A') is {M'^,"'^,-^ ^^72 )-distinguished, and At = 

s" Sp ^ 

At,t = a*^!.!^/^, where e = 1 if nt,t = ^^t^f '"^^^ e — 1 if rit.t = n^t- Hence by induction hypothesis, 
the Grj/ -module 

tt' = Ai X • • • X At_i 

is {H, Xa')-induced, and n = n' xa'^\.\^^/'^ . If e = -1, then tt is of the form 7r"xQ!|.|^^/^xa^^|.|^/^, 
for tt" for XQ)-induced, and tt is (i/, Xa)-induced (in this last case, ^ 1). If e = 1, then 
TT is of the form tt" x a~^|.|~^/^ x aj.]'^/^, for tt" for (i?, Xq ^)-induced, hence (i?, Xa)-induced 
according to Lemma [2.21 and tt is (iJ, Xa)-induced (and 7^ 1). This concludes the proof of 
Theorem!^ 

We have the following corollary to Theorem 12.11 in terms of Galois parameter, which was 
brought to our attention by Wee Teck Gan. 
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Corollary 2.1. Let n be a generic representation of G2n, o,nd 0(7r) its Langlands parameter. 
Then tt is H2n-distinguished if and only if (/'(tt) preserves a non-degenerate symplectic form on 
its space. 

Proof. If TT is a unitary discrete series A = Stk{p), according to the Theorem 14.31 of this pa- 
per (which is a compilation of results from [K], |K-R| . and [S]), the representation A is 
distinguished if and only if either k is odd and L(/9, A^,s) has a pole at zero, or k is even and 
L[s, Sym? , p) has a pole at zero. As Sp{k) is symplectic when k is even, and and orthoganal 
when k is odd, whereas p preserves a symplectic form if and only if L{p,A'^,s) has a pole at 
zero, and a symmetric bilinear form if and only if L{s, Sym? , p) has a pole at zero. Hence A 
is i/„-distinguished if and only if 0(A) preserves a nonzero symplectic form on its space, which 
is necessarily nondegenerate as 4>{A) is irreducible. Now we notice that if (p, Vp) is a repre- 
sentation of Wp, the representation p® p^ of W'p preserves the nondegenerate symplectic form 
{v + v' -\-w') I— > w'{v) — v'{w). This implies, according to Theorem 12 . II and the unitary discrete 
series case, that iJ2n-distinguished generic representations have a Galois parameter which fixes a 
nondegenerate symplectic form. 

In general, we write tt = Ai x ... At, and pi for the Langlands parameter of A^. We prove by 
induction on t that if (0(7r), V) — ®*=i(pi, Vi) fixes a non degenerate symplectic form on its space, 
then TT is i7-induced. 

If t = 1, TT is just the discrete series Ai, which is unitary because the central character of Ai is 
trivial (as it is the determinant of 0(Ai)), and we already saw that tt is distinguished. 
t t + 1: we write p = ®l^iPi, hence p © Pt+i fixes a nondegenerate symplectic form B. If the 
sum p(Spt+i is orthogonal for B, then B^VpxVp a-nd i3|yt^ixVt+i are nondegenerate and symplectic, 
hence Vp and Vt+i are even dimensional, and we conclude by induction. Otherwise, there is pi, 
such that B^Y^^-^^Vi 7^ 0. There is no harm to suppose that i = t. But then Vt+i — and 
^\{Vt®Vt+i)x{VteVt+i) is symplectic non degenerate, hence V = {Vt ® Vt+i) © (Vt © and 
we conclude by induction. □ 

The base change lift from SO{2n + 1,F) to G2n has been made explicit in |Ji-So| for generic 
representations of SO{2n + l,F). It is easy to check from Theorem B of [loc. cit.]. Theorem 
12.11 above, and Theorem 6.1. of |M2012.2] . that tempered representations of G2n which are i?2n- 
distinguished are the image of the base change lift of the generic tempered representations of 
50(2n + 1,F). 

3 L factors and exceptional poles 
3.1 Reminder on local L functions of pairs 

In this paragraph, we recall results of |JPS| and |C-P| about i-functions of pairs. If P and Q are 
two elements of C[(7^"] for u e 2?*, we say that 1/P divides 1/Q if P divides Q. 

Proposition 3.1. Let tt and tt' be two representations of Whittaker type of Gn, let W belong to 
W{Tr,0), W belong to Wiir'^O-^), and (j) belong to C;?°(F"). Then the integrals 



converge absolutely for Re(s) large, and extend to C as elements of <C{q^'^). 

If tt" is a representation of Gm for m < n, and W" belongs to W(tt" .,0^^), the same properties 
are true for for the integrals 




and 
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Moreover, when W, W , W" and (j) vary in their respective spaces, the integrals '^{W,W',<p,s), 
^{W, W", (j), s) and ^(o) span respectively a fractional ideal /(tt, w'), /(tt, tt") and /(o) (""i ""O 

o/C[(7^*]. The fractional ideal I [tt,!:') (resp. I{it,t:"), resp. /(g) (tt, 7r')J admits a unique gener- 
ator L(tt,'k' ,s) (resp. L(7r,7r",s), resp. L(o)(7r, tt', s)j which is an Euler factor. If n < m, the 
factor L{-k,'k" ,s) is by definition L{'jt",'it,s). 



We now fix a Haar measure dx on F, which is self-dual with respect to the character 9. If m 
is a positive integer, and (j) belongs to we denote 



« m 
■■,Xm)^ / (/)(t)6'(- tiXi)dti ...dtr. 



is the Fourier transform of (j). We recall the functional equation of L-functions of pairs. 

Proposition 3.2. Let tt, tt' and n" be respectively representations of Whittaker type of Gn, G„ 
and Gm for m < n. Let W belong to W(Tr,0), W belong to W{7r',e), W" belong to W{tt",0) 
and (j) belong to C^{F"-). Then there are unit e{TT,n',9,s) and e{7r , w" , 9 , s) ofC[q^^], such that 
the following functional equation is satisfied: 

M/(VK,^^^^^l-s) , ^ ^iW,W',(l),s) 

= = ein.TT ,t>, s) — — : — : — 

L{n,TT',l-s) V , > . ; L{7r,w',s) 

and 

^iW,W",l-s) „ ^ ^{W,W",s) 

— = e(7r,7r ,a,s)—— — r- 

L{li,T,",l-s) L{7r,TT",s) 

With the notations above, we write 

7(77, TT ,9,s) = — — 

L{n,Tr',s) 

and 

in C{'D). We recall the definition of an exceptional pole: 

Definition 3.1. Let tt and tt' be representations of Gn of Whittaker type, and let sq be a pole 
of order d of L{-k,'k' ,s). For W and W in W{'k,9) and (j) in C^{F^^), we write the Laurent 
expansion 

^'(W, W', (j), s) = ^ao-syi of higher degree. 

We say that sq is an exceptional pole of L{'k, tt', s) if the trilinear form T vanishes on W{-jt, 6) x 

W{Tr,9) X C^oiF"), i.e. if it is of the form T : {W,(t>) ^ B{W,W')(l)(0), where B is a nonzero 
bilinear form. By definition of the integrals "^{W, W', </>, s), the linear form B is a nonzero element 
of HomG„{TTiSnr',\.\~^°). 

The exceptional poles of L{tt, tt', s) are actually those of L{tt, tt', s)/L{q){tt, tt' , s). 

Proposition 3.3. Let tt and tt' be two representations of Whittaker type of Gn- The ideal 
/(0)(7r,7r') is spanned by the integrals ^{W,W',(f),s) for W in W{tt,9), W' in W{tt',9~'^) 
in C^q{F^). The factor L^q^{tt, tt', s) thus divides L{tt, tt', s), and the quotient 

Lrad(ex) {t^, I"', s) = L{tt, Tt' , s) / L(o) (tT, Tt' , s) 

has simple poles, which are exactly the exceptional poles of L{-k,it' ,s). 
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Proof. Writing the formula, for Re{s) large and (p in C^(F"): 
^{W,W',(f>,s)^ [ [ W{pk)W'{pk)\p\'-^dp [ (l){tf]n{k))c^{tk)c^,{tk)\t\'''d*tdk, (1) 

and using smoothnes of 0, W , and W\ we see that '^{W, W , (f>, s) is a finite sum of integrals of the 
form Pi(g*'')\E'(o) (Wi, W/, s) if <j) vanishes at zero, hence it belongs to /(q) (tt, tt', s). Conversely, 
take an integral ^'(o)(W, W' , s), and r > 1 large enough for W and W' to be right invariant under 
Kn^r- Then, if cj) in C^(F") is the characteristic function of rjn{Kn^r), the integral ^'(VF, W' , cj), s) 
reduces to a positive multiple of ^'(o)(W^, M^', s) according to Equation ([I]). This proves that 
J(o)(7r,7r') is spanned by the integrals '^(W,W',4>,s) for W in W{n,9), W in W{-k' ,9~^) and cj) 
in C^(F"). It implies that L (^q){-k , tt\ s) divides I/(7r, 7r',s). Finally, according to Equation ([1]), 
any integral 5' (W, ly, (/), s) isafinite sum of integrals ^'(o)(Wi, M^/, s) /p. 0i(ifc)c7r(Oc7r'(OI*r''^**j 
hence L{tt,t:',s) divides L(o)(7i', tt', s)L(ctC^', ns), and the quotient Lj,ad(ex){''^i''^' i s) divides the 
factor L{cTrCTr' ,ns), and thus has simple poles. □ 

If TT and tt' are both representations of G„ of Whittaker type, the factor Lea:(7i', tt', s) is by 
definition the product of the factors 1/(1 — g^o^"")'* for sq an exceptional pole of L{tt, tt', s), and d 
its order in L(Tr, tt', s). If tt" is a representation of Whittaker type of Gm for to < n, we say that 
the factor Lijr, tt" , s) has no exceptional poles, hence we write Lrad{ex)i''^y '"'") = Lex{TT, tt' , s) = 1, 
and we define L(o)(7r, tt" , s) to be L{tt, tt", s). We recall one of the main results of |C-P) (namely 
Theorems 2.1. and 2.2, or more precisely a consequence of its proof), which will be used later. 

Proposition 3.4. Let tt and tt' be two generic representations of Gn and Gm respectively (to < 
n ), both with completely reducible derivatives. For I G {0, . . . , n} and k G {0, . . . , m}, write 

(n-k) _ ^dfe 

and 

l(m-l) _ ^fi I 

for their decomposition in simle components. Then the factor L(o)(7r,7r', s), is equal to the Icm of 
the factors L^xiPik i p'ji i s), for {k,l) G {0 . . . , n} x {0 . . . , m} with k + I < n + m, and {ik,ji) G 
{l,...,efc} X {1,...,//}. 

By the explicit expression of L functions of pairs for discrete series, given in Theorem 8.2. of 
|JPS| . we have the following result. 

Proposition 3.5. Let A and A' be two discrete series of Gn and Gm respectively, with m < n. 
For any k and k', such that A^'^) and A^^') are nonzero, the factor L(AW, A'C^'), s) divides 
i(A,A',s). 

We finally recall the following result, whose proof is mentioned in |M2009| . 

Proposition 3.6. Let tt and tt' be generic representations of Gn, then the factor L{tt,tt' ,s) has 
an exceptional pole at sq if and only if tt' ~ [.j^'^'^Tr. 

Proof. We only need to show that if tt' ~ [.["^^tt, then the factor L{tt,tt',s) has an exceptional 
pole at sq. Replacing tt by [.["^''tt, it is sufficient to prove the statement for sg = 0. So suppose 
that tt' — TT^. From equation ([T|), for Re{s) << 0, one has: 

^{W,W',^',l-s)= f [ W{pk)W'{pk)\det{p)\-/dp I l\ti^n{k))\AT~"^d*tdk. {2) 
Jk„ Jn„\p„ Jf* 

Now we notice that i?^v ,^,1-5 : {W, W') 5'(o)(I^, W', 1 — s) / Litt"^ ,tt , 1 — s) is an element 
oi Homp^[W[TT'^ ,e-^)®w\^,e),\.\''). We can write: 

-^{W, W', 4>,l-s) /L(7r^, TT, 1 - s) 
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BxV.,,i_,(7r^(fc)W^,^(fc)#') / ^'{tr^,,{k))\t\^<^'~'^d*tdk. (3) 
The second member of the equahty is actuahy a finite sum: 

Jf' 

where the A^'s are positive constants and the /c^'s are elements of Kn independent of s. 
Notice that for Re{s) < 1, the integral 

is absolutely convergent, and defines a holomorphic function. So we have an equality (equality [3]) 
of analytic functions (actually of polynomials in q^'^), hence it is true for all s with Re{s) < e. 
For s = 0, we get: 



^'(W^,VF',/,1)/L(7r^,^,l) = / B,v,,,i(7r^(fc)VF,^(fc)VF') / (b%t7j„{k)Wd*tdk. 

J K„ J F" 

But i?TrV,Tr,i is a P„-invariant linear form on W^(7r^, 6*"^) x W{n, 6), and it follows from Theorem 
A of [Bj that it is actually Gn-invariant. 
Finally 



*(M^,M^',/,l)/i(7r\7r,l) = B,v,,.i(W^,P^') / / /(t?7n(fc))Krd*tdfe 

Jk„ -If* 

which is equal for a good normalisation dk, to: 

where is up to scalar the unique \det( )|^^ invariant measure on P„\G„. But as we have 

[ ^'Mg))d^g^ [ 0^(x)dx = 0(0), 

JPAGr, JF" 

we deduce from the functional equation that '^/{W, W , (/), 0)/L{tt, tt^, 0) = whenever 0(0) ~ 0. 
As one can choose W, W, and (j) vanishing at zero, such that \E'(VF, W^', 0, s) is the constant 
function equal to 1 (see the proof of Theorem 2.7. in [JPSj), the factor L{tt, tt', s) has a pole at 
zero, which must be exceptional. □ 



3.2 The Rankin-Selberg integrals 

In this section, we extend the results of |M2012.3] obtained for generic representations, to rep- 
resentations of Whittaker type. The proofs are the same, but we give more precise statements 
sometimes. They will be useful in next section when one needs to know how the Rankin-Selberg 
integrals vary when the representation is "deformed" by a parameter u € V*. The notations are 
different from |M2012.3] . here we denote by L'™(7r, x, s) the factor denoted by L'™(7r, x^r/^ , s) in 
|M2012.3] . The reason for this is that with this definition, the occurence of an exceptional pole at 
zero of L'™(7r, s) is related to the occurence of linear periods for tt. As we recall every definition, 
this should not create any confusion. 

Let TT be a representation of Whittaker type of G„, we consider the following integrals. 
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Definition 3.2. LetW belong to W {tt , 6) , and (/) belong to C^{F^^'^^^'>/^^ ), s be a complex number, 
and a of F* . We define formally the following integrals: 

^iW,cP,Xa,s)^ f W{h)<f>{Uh))xa{h)xl/'\h\'dh 



^(0){W,Xa,s)= / W{h)Xa{h)fll/'{h)\hr'/^dh 

Jn^^\p„'' 

W{h)xc.{h)xl/Mh)\hr'^'dh, 

JV"_i\G„-i'' 

Where ln{h{hi,h2)) is the bottom row 0/ /12 when n is even, and the bottom row of hi when n is 
odd. 

Tho following lemma gives a meaning to these integrals. 

Lemma 3.1. Let n be a representation of Gn of Whittaker type, and a a character of F* . For 
every k £ {1, . . . , n}, let {ci^)i^. be the {n — k)-exponents of n. Let W belong to W{tt, 6), <j) belong 
to C^(i^t(""''"'^^/^1), and Cfe = when k is even and 1 when k is odd, if for all k in {1, . . . , n} (resp. 
in {1, . . . ,n — \}), we have Re{s) > — [i?e(ci^) + efe(i?e(Q;) + l/2)]/k, the integral ^{W, 4>, Xa, s) 
(resp. ^'(o)(VF, Xd, s)^ converge absolutely. They are hence holomorphic on the half planes defiend 
by this inequality, and admit meromorphic extension to C as elements of Ci^q^"). 

1/2 

Proof. Let B!^ be the standard Borel subgroup of The integrals '^{W,(j),Xn Xa,s) = 

In^xh ^ih)4>{lnih))xn^ {h)xa{h)\h\''dh will converge absolutely as soon as the integrals 

W^(a)(/.(Z„ (a))xy' (a)xy' (a)Xa (a) <5si (a)d*a 

will do so for any W G W{7r,9), and any cj) e C^(-F"). But, according to Proposition 11.41 and 
writing zi . . . z„ by 2;, this will be the case if the integrals of the form 

n-l 

cAtiZn)mniZn))Y[ Cfe,,, (zfe ) | Zfe | ("-'=)/2z;(t(zfe ) 0fe (t(zfe ) ) (x^ ) W N 1' '^^i (z)d*Zi . . . d* Z„ 
fe=0 

converge absoultely. But S~lxn'^{zk) = 1^(2^)1" '"'"^ and Xa(zk) = a{t{zk)y'' where 6^ = 

if k is even, and 1 if A; is odd, hence this will be the case if 



c^{t)cp{0,...,0,t)\tr{\t\'/'a{t)r-/'d*t 

J F* 

and each integral 

CkMtr'^^{tr''<l^k{t)a''mtd*t^ [ c,,{t)\t\''^{\t\'/^ait)Y''v{tr''Mt)d*t 

J F* 

converges absolutely. This will be the case if for every fc e {1, . . . , n}, one has 

Re{s) + [i?e(cij + efc(i?e(a) + 1/2)]/ k > 0. 

Moreover, this also shows that '^{W,(p,Xa, s) extends to C as an element of C{q^''), by Tate's 
theory of local factors of characters of F*. The case of the integrals ^(q) is similar. □ 

We will need the following corollary in the last section. 
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Corollary 3.1. Let A 6e a unitary discrete series (i.e. with unitary central character), and 
let a he a character of F* with Re{a) > —1/2. Let W belong to W{'k,9), and (j) belong to 
Q°o^pl(n+i)/2]^j^ ^/jg integral '^/{WjCjy^XaiS) converges absolutely for Re{s) > 0. 

Proof. It is a consequence of Lemma [XT] and Theorem 3.2 of |M2011.2] . □ 

This ahows us to define the local L-factors. We notice that iJ„ acts on C^(f[("+^)/^1) by 
right translation (with h(gi, g2).4>{x) — (j){xg2) when n is even, and h{gi,g2).<t>{x) — (j){xgi) when 
n is odd). 

Proposition 3.7. Let tt be a representation of Gn of Whittaker type, and a a character of 
F* . The integrals Xq,s) generate a (necessarily principal) fractional ideal I{TT,Xa) of 

Clg'^^q^"] when W and (f> vary in their respective space, and /(tTjXq) has a unique generator 
which is an Euler factor, which we denote by L'*"(7r, Xa, s). 

The integrals '^(o) (W, Xon s) generate a (necessarily principal) fractional ideal /(g) (tt, Xa) ofClq"^, q^"^] 
when W and (p vary in their respective space, and I(Q'){'^,Xa) has a unique generator which is an 
Euler factor, which we denote by L|g"(7r, x^, s). 

Proof. In the first case, replacing W and (j) by an appropriate translate, multiplies 'I'(iy, (jj, Xa, s) 
by a nonzero multiple of g*^*, for any k in Z, hence the integrals '^{W, cj), Xa, s) generate a fractional 
ideal of C[q'^,q^'']. Now one hase the following integration formula, for good normalisations of 
measures, Re{s) large enough, and e„ = when n is even, and e„ — 1 when is odd: 



W{pk)xc.{pk)fil/^{p)\pr^/^dp / cAt)a'"m{tln(kmr^'"^^d*tdk. (4) 

IK^^ -IN^XPZ Jf' 

Now use again the argument from |JPS| . By Remark 1 1.11 we can choose W in W{'k, 0) such that 
W\p^ is any function / in ind^ (0). Let r be large enough such that W and Xa are iir„^r-iiivariant, 
and (p be the characteristic function of the integral reduces to a positive multiple of 

JN^\pcrW{p)xafJ-n'^ip)\p\''~'^^^dp = Jj^cr^pcr f{p)XalJ-n'^ip)\p\''~'^^'^dp. If / is the characteristic 
function of a sufficiently small compact open subgroup with Iwahori decomosition, this integral 
is a positive constant independant of s, so /(tt, Xa) contains 1, and is thus spanned by an Euler 
factor. The second statement is proved similarly. □ 

When Xa is equal to l/f„, we write L'™(7r, s) rather than i'*"(7r, 1h„,s). We now introduce 
the notion of exceptional pole of the Euler factor L'™ . 

Definition 3.3. Let n be a representation of Gn of Whittaker type, and let sp &e a pole of order 
d of L''™{'k, Xa,s). For W in W{-k, 6) and (j) in C^(F["+^1), we write the Laurent expansion 

^'(W, 0, Xq,s) = — sf^sjd terms of higher degree. 

We say that sq is an exceptional pole of L'*"(7r, s) if the bilinear B vanishes on W{n,9) x 
Cco(-^""^"^^^^')' */ °f ^he form B : (VF, 0) ^ L{W)(t){Q), where L is a nonzero lin- 

ear form. By definition of the integrals ^'(W, 0, Xa, s), the linear form L is a nonzero element of 

HomHA^,Xa^Xn"^\.\-"'). 

Let TT be a representation of Whittaker type of Gn, and PexiT^TXa) be the set of exceptional 
poles of L'™(7r, Xa, s), and denote by (i(so) the order of an element so of Pe3;(7r, x). By definition, 
the factor Lg™(7r,XQ, s) is equal to UsoGP,. 1/(1 - (7"«-")''("«l We now show that these poles are 
those of the factor L'*"(7r, Xa, s) / L''^^!^{tt , Xa,s). 



23 



Proposition 3.8. Let n be a representation of Whittaker type of Gn, and let e„ = when n is 
even and 1 when n is odd. The ideal /(q) (tt, Xa) is spanned by the integrals ^'(W, (/>, Xai s), for W G 
W{7r, 9) and G C;?°o(F[("+i)/21). In particular the factor i|'jj(7r, Xa,s) divides L'"(7r, Xa,s), we 
denote L'-^J^^l^^^^{'!T,Xa,s) their quotient. The factor L'-^2d{ex)^'^^Xa,s) divides L{cT,a^" ,ns + en/2), 
hence its poles are simple, they are exactly the exceptional poles o/ L'*"(7r, ^q, s)- 

Proof. According to the proof of Proposition 13.71 for a well chosen (j) which vanishes at zero, 
the integral ^'(M^, 0, Xa, s) reduces to ^ (Q){W,Xa, s). This proves that L|g"(7r, Xa, s) divides 
L'™(7r, s)- Moreover, using smoothness of elements of Vl^(7r, 6'), Equation (|4]) in the proof 
of this Proposition shows that any integral Xa,s) is a linear combination of products 

of integrals «'(o)(l^', Xa, s) (j)' {t)c^{t)a^^ {t)\ty^'+^^/^d*t, for cj)' in C^{F). This implies that 
■^'"("■^Xcs) divides the factor L|'J^'(7r, Xa, s)L(c^q;'=" , + e„/2), i.e. that i„d(ea:)(7i', Xa, s) di- 
vides the factor L{cTra'^"- ,ns + en/2), in particular it has simple poles. Using again Equation 
(U]), we see that if 4> belongs to C^(fI("+^)/^1), the integral 'i'{W,(j),Xa,s) is a linear combi- 
nation of integrals P'(g^*)^'(o)(V[^', Xq, for some Laurent polynomials P' . Hence the ideal 
/(o) (ti", Xa) is also the ideal generated by the integrals '^{W,(j),Xa,s) with W G W{Tr,6) and 

Now we recall the following result, obtained from the proof of Proposition 3.1. of j M2012| . by 
noticing that the construction of the injection, gives actually an isomorphism (though only the 
injectivity is needed for all applications), and by computing the characters denoted S and 6i in 
this proof (which are in fact given, for h e Pn-i, by 6{h) = and 5i(/i(gi, 92)) — |<7i| when n 
is even, and Si{h{gi, g2)) = I52I when n is odd). 

Proposition 3.9. Let p be an irreducible representation o/P„, and fi be a character o/P^. 

1/2 

If n is even, one has Homp<T{^^ [p), fi) ~ Homp" ^{p, fidn )■ 
If n is odd, one has Homp-y{^^{p),p) ~ Homp^_^{p, p5n^^^). 

We will use the following lemma to establish the functional equation, and also in the following 
section. 

Lemma 3.2. Let vr = Ai x • • • x be a representation of Gn of Whittaker type, and a a 
character of F* . The spaces 

HomH„{-K®Cf{F^^^+'y^^),X-^\-''W-l 

and 

7Iomp,(7r,|.|-+V2^^i^-i/2) 

are of dimension 1, except possibly when there is k £ {1, . . . ,n — 1}, and and an — k-exponent 
Ck.i^, such that Ck,i^(vj) = q^'^^^>'/'^a{vj)~^>' with efe = when k is even, and = 1 when k is 
odd. 

Proof. The space Homn^ij^, M '^Xi^^^Xa^) is zero except maybe when 

c,(w) =q"^+^"/2a-^"(zu), 

hence the space _f/'omjy^(7r (g)C^(P"),XQ^X"^^^M~'*) is equal to 

HomHA^®C^,{F-),x-o.\n"W-l 

except for those values. But 

iJomffJ^®C,°:=o(^"),Xa'x^'/'ir^)^^omH„(7r®zn4?(l),x-^X;:'/'ir') 
HomnA^Jnd'^^iPn'^'ir+'/'x^')) ^ Horup^in, \.r+'/\~' Pn'^'), 
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the first isomorhism identifying with F" — {0}, and the last by Frobenius reciprocity law. 
Now, for k between and n — 1, and '^i — ^i have, according to Proposition 13.91 

i/omp,(($+)"-'^-iM^+(A(-) X ... X Ai-)),|.|-+V2^-i^-i/2) 
iJomp.^^(vI.+ (A(-) X ... X A!-)), |.r^+^/^X^V^+f ) 

^ ifomcjlA^) X . . . X A^\ l.r^Xa V^'^'). 

This ensures us that, for fc > 1, if the central character c of A^"^^-* x ... x a|"''' does not satisfy 
the relation c{w) = q^^^'^''/'^a{vo)~'^'' for = when k is even, and efc = 1 when k is odd, this 
last space is reduced to zero. Finally, if fc — 0, this space is isomorphic to C. Now the lemma is 
a consequence of Proposition 11.31 □ 

The preceeding proposition has the following consequence. 

Proposition 3.10. Let n be a representation of Whittaker type of G„, a a character of F* , let 
W belong to W{Tr,0), and (j) belong to C;?°(i^[("+i)/2])^ ^/jg„ /j^., 

X-^5-''\?. l/2-s)/i'-(7^, x^^5-''\ 1/2-s) = e'*"(7r, Xa, ^, s)*(W^, Xa, </>, Xa, s) 

for e^'"'{n,Xa,d,s) a unit of Clq" ,q~^]. 

We will denote by 7'"'(7r, Xq, ^, s) the element of C{q'^'') given by 

When TT is a unitary generic representation of G„, for n even, according to Theorem 2.4. of 
|M2012.3j . exceptional poles of L'*"(7r,s) at zero characterise distinction. More generally, this 
property is true under the following condition, which is verified by distinguished unitary generic 
representations, and should be true without the unitary assumption. 

Proposition 3.11. Suppose that n is a generic representation of Gn, for n = 2m even, which is 
{Hn,Xa^)- distinguished, '^^'^ suppose that 

Hompa- (tt^ , Xa) = Homo'^ (tt^ , Xa) 

(which is the case if Hompo[Ti^ ,Xa) is of dimension < 1/ Then the factor L'''"^{Tr,Xa,s) has an 
exceptional pole at zero. 

Proof. From equation for Re{s) << 0, as tt has necessarily a trivial central clraracter, one 
has: 

^iW,d',S-'/\-\l/2-s) = 
W{pk)x-Hpk)\detip)\-'dp [ ^'{tUk))\tr^^/^~'U*tdk. (5) 

Now we notice that A, : W ^ '<i!^Q){W,Sn^^^Xa\'^/'2 - s)/L^"'{tt'^ ,6n^^^Xa\'^/'2 - s) is an 
element of iJomp,^ (Vl^(7r^, 6'^^), Xq|.|*). We can write: 

^{W, S-'^\-\ 1/2 - s)/L^^-{7:\S~'/\~\ 1/2 - s) 

A,(7r^(fc)Ty) [ 0^(t/„(fc))|t|"(i/2-'')d*tofc. (6) 
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The second member of the equahty is actuaUy a finite sum: 



where the A^'s are positive constants and the /c^'s are elements of Kn independent of s. 
Notice that for Re{s) < 1/2, the integral 

is absolutely convergent, and defines a holomorphic function. So we have an equality (equality [H]) 
of analytic functions (actually of polynomials in q^'^), hence it is true for all s with Re{s) < 1/2. 
For s = 0, we get: 



^{wJ\S-'/\-\l/2)/L{n\S-'/\-\l/2) = / Ao(7r^(fc)W^) / {tUk))\tr d* tdk . 

But Ao is a (P^, XQ)-iiivariant linear form on W{ti'^ ,9^^)^ so it follows by hypothesis that it 
is actually (i?„, Xa)-invariant. 
Finally 

^{W,^',5-y\-\l/2)/L{i,\5-y\-\l/2) = Ko{W) f f ^'{tUk))\trd*tdk 
which is equal for a good normalisation dfc, to: 

Ao(W^) / ^'{ln{h))d^h 

where d^ is up to scalar the unique \det{ )|^^ invariant measure on P^\iJ„. But as we have 



<j)"irj„ih))d^h= / /(x)da: = 0(0), 

P^\H„ J F"^ 

we deduce from the functional equation that ^'(T/F, 0, Xa^ 0)/L(7r, Xa^ 0) = whenever 0(0) = 0. 
As one can choose W , and vanishing at zero, such that '^{W, 0, Xaj 0) is the constant function 
equal to 1 (see the proof of Proposition 13. 7p . the factor L{'k, Xai s) has a pole at zero, which must 
be exceptional. □ 

Corollary 3.2. If n is even, tt is unitary, and a is a character of F* with Re{a) is > 0, then tt 
is {Hn, Xa^)- distinguished if and only if L''"(7r, Xa, s) has an exceptional pole at zero. 

Proof. According to the criterion 7.4 of pB], the {n — fc)-exponents of tt are of real part > — fc/2, 
except the central character of the highest derivative tt'"-* — 1. Let p be a representation of Gk 
with central character of real part > —fc/2, we have 

Homp.ii^+r-'^-'^+ip),X-')c^Hornp.J^+{p),Xa\]/^)^HomG^^^^^^^^ 

This last space is reduced to zero as soon as Re{a) > 0. Proposition II .21 implies that in this case, 
the space Homp^{'K,Xa^) is of dimension < 1, and we can apply Proposition 13.11] □ 

Now we give a consequence of Theorem 12.11 in terms of L-functions. 

Proposition 3.12. Let tt = Ai x . . . he a generic representation of Gn, with t > 2, and a 
a character of F* such that the factor L^rad(ex)^''^^'^°'^^) ^'^'^ ^ P^^^ '^^ ^O' Then we are in one of 
the following situations: 
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1. There are G {l,...,t}, with i ^ j, such that the factors ^^.'"^^^^^(Ai, x^, s) and 
^radiex)(^3^Xa,'^s) havc Sq as a common pole. 

2. There are {i,j,k,l) G with {i,j} 7^ {k, I}, such that Lj.ad(ex){^iT ^j^'^s) and 
Lrad(ex){^ki havc sq as a common pole. 

3. There are {i,j,k) G {l,...,t}, and i ^ j, such that the factors Lj.ad{ex){^ii ^jt'^s) and 
^radiex)(^k,Xa, , s) havc Sq as a common pole. 

4- There are {i,j) G {1, . . . ,t}, and i ^ j , then the factors L^^ad(ex)i^i^ Xq; s) and L(a(8) Aj, s + 
1/2) have sq as a common pole. 

5. There are [i, j,k) € {1, . . . ,t}, and i ^ j , the factors Lj.ad(ex){^iT ^ji'^s) and L(a<Si A.k, s + 
1/2) have sq as a common pole. 

6. The integer t equals 2, and the factor Lj.ad(ex){^i, ^2, 2s) has a pole at sq. 

Before ending this section with a factorisation of L'™(7r, Xq,, s) in terms of the exceptional 
factors of the derivatives of tt, we state as a Lemma the following integration formula, which will 
be used in the next proposition. 

Lemma 3.3. Let n > k be positive integers, let he the subgroup o/i?^_j,, of elements b such 

that the matrix diag{Ik,b) belongs to _ff„, let A4'^_f. f. be the subgroup of M{n,k, F) of elements 

m such that [ ) belongs to Ha- Let f be a positive measurable (with respect to the up 

\m In-k J 

to scaling unique right invariant measure) function on N„\Gn, then, for good normalisations of 
(righit invariant) Haar measures, one has: 

f{h)dh^ I [ f f(l^ \\h\^^--y\]J\h)x-''\h)dmdhdb 

We have the analogue of Proposition 13.41 for the factor L'™. 

Proposition 3.13. Let tt = Ai x • • • x Af he a generic representation, and a a character 
of F* . If TT has only completely reducible derivatives, with irreducible components of the form 
A^"^' X ••• X /S.^^*\ For each k between and n, we write n^''^ = Qi^TT^^ ^\ where, the Gk- 
modules tt^-" '^^ are the irreducible components of then one has: 

i|o')KXa,s) = V.,,fe<„_i4™(7r(;-'=\xa,s), 

hence 

L'-(7r,Xa,s) = V,„fc<„4»(4"-'=\xo,s). 
Proof. Let's first deduce the second equality from the first one. One must show that 

Vifc,fc<„ie^(7rj-^ \Xa,s) = Z/J,™^(g^-,(7r, Xa, s)-f'(o')(7r, Xaj s), 

assuming 

-^(0)(7r,Xa,s) = V,,,fc<„_ii^*,"(7r,["~''\xa,s). 

Hence we want to prove the equality L^^2d{ex)i'^ ■5)-^(o)('^' Xa-,s) = ^^"(Tr, Xa, s) V i(o"(7r, Xa, s), 
or 

L^',"(7r,Xa,s)Vi|j,'5(7r,Xa,s) 



L 



lin 



\ex)i''^^Xa,s) — -j- 



rad[exj\ '/v"i / T ( -rr -i/ e^l 
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Both sides have simple poles according to Proposition 13.81 and they obviously have the same 
poles according to the same proposition, but as they are Euler factors, they are equal. 
Now we prove 

i(o)(7r,Xa,s) = Vi,,fc<„_iL^;"(7r,^""''\xa,s). (7) 



Let So be a pole of order d of the factor Le^{T:\^ ,s), it certainly occurs as a pole of arder d 
of an integral ^{W , <j)' ,Xa, s), for W in W^(7r^^""''\ 61) and 0' in (i^IC^+i)/^]) which does not 
vanish at zero, in fact we can choose </>' such that (f>'{0) = 1. We can even replace (j)' by the 
characteristic function of a neighbourhood of zero small enough, because sq occurs as a pole 
of order < of '^{W' , (f>' — (f>" , Xa,s). We notice that the support of <j) can be taken as small as 
needed. Then, according to Proposition [T31 there is W in W{7T,9)k C Win, 6) such that 

Suppose that sq is a pole of order at least d of the integral 

4'(„_fc_i)(VF,Xc,s)= / W{diag{h,I^_k))Xo.{h)Xk{h)\h\'+^''-"^/^dh. 

This integral is equal to \E'(o)(VFi, Xa, s) for some Wi in W{tt,9), as a consequence of Lemma 9.2. 
of tJPSj and Lemma [3.31 hence sq is a pole of order at least d of L|g"(7r, Xa, s). Otherwise it is a 
pole of order at least d of 

W{dtag{h,In^km - r{lk{h)))xa{h)xk{h)\h\'+^''-''^/^dh. 

But as 1 — (/)" vanishes at zero, this implies, according to the Iwasawa decomposition Gk — 
PkZkKk, as W{diag{pzk, In-k)) vanishes for \z\ >> 0, this integral is a C[q^'']-combination of 
integrals of the form 

f W'{diag{hko,In-k))Xa{h)xk-i{h)\h['+^''-"-^^/^dh 

W"{diag{h,In+i^k))Xc.ih)xk-i{h)\h\'+^'-"-^'>/^dh. 

for some fco in Kk (see Equation (U)), and W" — p{diag{ko, In-k))W . Again, by Lemma 9.2. of 
[JPS] and Lemma [3.31 this integral is of the form 5'(o)(W2, Xa, s) for some W2 in W{Tr,d). This 
proves that the right hand side divides the left hand side in equality ([7]). 

It remains to show that any pole of order d of ij*'? (tt, s), occurs as a pole of order d of some factor 



Lg"(7r|" \xi s)j for some k and ik- We show this ny induction on n. Let sq be a pole of order 
d of L|p"(7r, s), it is a pole of order an integral 

*(o)(W^,X,s)= / Widiagih,l))xa{h)xn-i{h)\hr'/^dh 

for some W in W{tt, 9). Let k be the smallest integer such that sq is a pole of order at least d of 
an integral of the form 

*(„-fc-i)(W',Xa,s) = / W{diag{h,I^^k))Xc.{h)xkmhr'''"~''^'^dh 

for some W in W{t:, 9). Then for any </> in C^[F^{k+i)/2]^^ ^^A^^v 0(0) = 1, and W in Win, 9), the 
order of sq in 

W{diag{h,In-k)){l - cl){lk{h)))xo.{h)xk{h)\hr^''-''^^^dh 
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is < d, because we already saw that one could express such an integral as a C[5^'*]-combination 
of integrals of the form (n-k-2){W i Xa, s). Hence let W be such that sq if a pole of order > d 
of 5'(„-fe-i) (M^, Xa, s), it is thus a pole of order > c? of any integral 

/ W(diag{h, In-k)mk{h))xa{h)xk{h)\hr^''-''^/^dh 

with 0(0) = 1. Write tt^""'^^ = ttJ" ® • • • ® tt^^" a decomposition of tt'^""'^^ into a sum of 
simple factors, then W can be written as Wi + ■ ■ ■ + Wt, with each Wi projecting on some in 
T4^(7rj-" 0) via the surjection tt — > tt'^"^'^^. There must be i such that sq is a pole of order at 
least d of Xa, s), hence a pole of order at least d of 

for any with 0(0) = 1. Taking the characteristic function of a small enough neighbourhood 
of zero, and applying Proposition II .51 the integral 

/ W,{diag{h,I,,^k)mik{h))xa{h)xk{h)\hr^"-''y^dh 

is equal to ^(W/, 0, s), hence ^(W/, 4>i s) has a pole of order at least d at Sq, and L(7rj-"~'^\ s) as 

well. If So is exceptional, we are done, otherwise it is a pole of L(^q^(t:^" and we conclude 

by induction, as the irreducible factors of the derivatives of 7r|"~'^'' appear amongst those of the 
derivatives of tt. □ 



3.3 Rationality of the Rankin-Selberg integrals under deformation 

We fix TT = Ai X • • • X At be a representation of Whittaker type of G„, and a a character of F*. 
If u = . . . , Ut) is an element of I?', we recall that 7r„ is the representation 

7r„ = l.r^Ai X ... X i.r^At. 

We recall from section 3 of [C=P|, that to any / in the space Vt^ of tt, and any u in I?*, one can 
associate an element Wf^u — Wf^ (i.e. which depends of /„, see Section lO)) in W{iTmO), such 
that if g belongs to Gn, then u Wf^u{g) belongs to C[<7^"]. Moreover, the map /„ i— >■ is 
a G„-equi variant linear map, which is an isomorphism between Vt^^ and W{'Kmd) whenever and 
7r„ is of Langlands type. We define W^^ the complex vector space generated by the functions 
{u,g) ^ WfSgg') foi' .9' £ Gn and W G W{-k,6). It is shown in |C-P| that the action of the 
group G„ on wi*^^ by right translation is a smooth representation, and we denote by ^^^(o) the 

space of restrictions of functions of w!f^ to P„. We denote by Va the vector subspace of C[(7^"] 
consisting of all Laurent polynomials of the form u i-)- VF(w, /„) for some W G W7r,(o)- We recall 
Proposition 3.1 of [C-P]. 

Proposition 3.14. Let tt he a representation of Whittaker type o/G„, the complex vector space 
W7r,(o) defined above contains the space C^{Nn\Pm'PQ,9). 

We are going to show that the integrals "^{Wf_u,4'TXa,s) are rational functions in and 
qp'' ■ We first state a corollary of the preceeding Proposition, which will allow us to get a unique 
solution of some linear system in the proof of the next theorem. 

Corollary 3.3. Let (/^)^g_B be a basis ofV-^ indexed by a countable set B. Let Pq be a nonzero 
element ofVo, then there is a finite subset Fb of B, and there are gp 's in G„, such that 

T^u{gp)Wf^,u,<Po,Xa,s) = Poiq'^''). 



29 



Proof. Let W belong to wi , such that its restriction to P„ x I?* is given by f{p)Po{q^^), for / 
in C^{Nn\Pn,0) the characteristic function of a sufficiently small subgroup of G„ with Iwahori 
decomposition, which is possible according to Proposition 13.141 Now choose (j)o the characteristic 
function of ln{K^ ^) for r large enough, when we apply Equation (U) to '^/{Wu, (f), Xa, s) for Wu ■ 
g M- W{u,g), we deduce that \E'(W„, 0, Xq, s) is equal to Po{q'^^), up to multiplying (f)o by a 
positive real. Finally, by definition of wi^\ there is a finite subset Fb of B, and there are gp^s in 
Gn, such that W{u, g) = X]/3eFA f^'" ^'^'^ 5' ^"^"^ ^-'^^^ concludes the proof. □ 

As often in this paper, we follow [C-PJ, and apply Theorem II. II to prove the rationality of the 
Rankin-Selberg integrals with respect to u. 

Theorem 3.1. Let f belong to the space of a representation tt of Whittaker type o/G„, (p belong to 
G^(-F[^"^^-'/^1), and a be a character of F* . The integral 5'(W/^„, 0, Xq, s) is a rational function 
in q^" and q^^ . 

Proof We use the notations of Section O Let V be the vector space (g) C^{F^i^+'^)/'^])^ 
l^t fp^c be a basis of J^, corresponding to the basis fp of and let {4>'y)'y<sc be a basis of 
^oo^^[(n+i)/2]^_ We choose Fb, the gp^s, Pq and 0o as in Lemma [331 We denote by d a general 
element (u, s) in 1?*+^. For a fixed d = (it, s) in 2?*+^, we define the systems 



of elements of F x C. We denote by the union of those two systems. 

Now, thanks to Lemma |3. II there are linear affine forms Li, . . . , Lr on I?*, such that when (u, s) 
satisfies Re{s) > Re{Li{u)), the factor '^{Wf,u,4>,Xa,s) is defined by an absolutely convergent 
integral, for aU / in V^, and all in C^(^F^(n+i)/2]y 

Moreover, thanks to Lemma there are affine linear forms L[, . . . , L'^, on 2?*, such that outside 
the finite number of hyperplanes Hi = {q'^ = q^^''^^}. . . . , Hr' — {q^ — q^"^' ^''''} of 2?*+^, the space 
of solutions of the system is of dimension 1. 

This implies, that on the intersection Vl of the half-spaces Re{s) > Re{Li{u)), and of the comple- 
mentary of the Hj^s in 1?*+^, the system Ed has a unique solution Jd '■ fu®<t> ^ '^{Wf^m 4>i Xai s). 
We can now apply Bernstein's Theorem (Theorem 11.11) . which says that there is a unique so- 
lution / S V'fJ^pt+i-j of S, and that I{d) — Jd on fJ. Put in another way, for (u, s) in 17, 
we have /(m, s)(W/,i,, 0, x^, s) — 0, Xa, s), and the left side belongs to £.[q^^ , q"^") . 

Now fix a u, then for Re[s) > Maxij{Re{Li{u)) , Re{L'j{u))} , we have I{u,s){Wf^u,4>,Xa,s) — 
0, Xaj and both are rational functions g"", hence they are equal this open set of 
V, hence on V. We conclude that 0, Xq, s) = I{u,s){Wf^u,4'TXa,s) on 2?*+^, and this 

concludes the proof. □ 

Thanks to the functional equation (Proposition 13 . 10)) . we have the following corollary. 

Corollary 3.4. Let n be a representation of Gn of Whittaker type, and a be a character of F* , 
then the factor j{iTu, Xqi s) belongs to C(2?*^"'^). 




{ 



{■Ku{h)TTu{gi)fl3,c ® P{h)(f>-^ - Xa^ih)Xn^ih)\h\ ' IT u{g i) f f) ,c 07,0) 

(3 e B,j e C,h e Hn,gi e Gn 



and 
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4 The equality of the Rankin-Selberg factor and the Galois 
factor 

4.1 The inductivity relation for representations in general position 

In this section, we show that if tt = Ai x • • • x At is a representation of G„ of Whittaker type, and 
for u in in general position with respect to (7r,XQ) (see Definition 14. ip . one has the relation 

t 

i'"(7r„,Xa,s)= n i(l-r'A.,|.r'^A„2s)[]L'™(|.r"=Afc,Xa,s). 

l<i<J<* k=l 

We now fix7r = AiX---xAta representation of Whittaker type of G^, with t > 2, for the 
rest of this section. We recall that for each ?, the discrete series is a segment [pi, . . . , 
with Pi a cuspidal representation of G^^, with ^i'^'i — 

Definition 4.1. Let it = Ai x ... At he a representation of Whittaker type of Gn, we say the 

u — (ui, . . . , Ut) e is in general position with respect to (tt, Xa), if- 

1. For every sequence of non negative integers (ai, . . . ,at) such that the representation 

l.piA^''^^ X ••• X [.["^A^"'^ 
is nonzero, this representation is irreducible. 

2. If {ai, . . . ,at) and (6i,...,&t) ci^e two different sequences of positive integers, such that 
Ei=i = ELi o-^d such that A^"'^ x • • • x |.|"*a|"*^ and A^°'^ x • • • x M^'A^"*^ 
are non zero, then these two representations have distinct central characters. 

3- If(i,j)e{l,...,t}, andi^j, then the factors L'^^"'{\.\'''Ai,Xa,s) and L'-"'{\.\"'^ Aj,Xa,2s) 
have no common poles. 

4. If {i,j,k,l) e {l,...,t}, and {i,j} ^ {k,l}, then the factors L(|.|"' A,, A^, 2s) and 
Ld.!"*" Afe, |.|"' A;, 2s) have no common poles. 

5- //(i,j,fc) e {l,...,t}, andi^j, the factors L{\.\"^A,,\.\^^A,,2.s) and L'"(|.|"'= Afe, Xa, s) 
have no common poles. 

6- If{i,j) e {\,...,t}, andi^ j, then the factors L^"'{\.\''^ A,, Xa, s) and L(a(^Aj|.|"^ s+1/2) 
have no common poles. 

7. If{i,j,k) e {1,...,^}, andi^ j, t/ie /actors L(|.|"-Ai, |.|"^Aj, 2s) and L(a«)Afe|.|"S s+1/2) 
have no common poles. 

8. If t = 2, and A2 is equal to |.|^A^ for some complex number e, then the space 

i/omp.(|.|("i-"^-=)/2Ai X |.|("^~"i+'=)/2A^,x-^) 
is of dimension at most 1 . 

We now check that outside a finite numbers of hyperplanes in A, the representation is in 
general position. 

Proposition 4.1. Let tt be as above, the elements u in I?* that are not in general position in 
with respect to (7r,Xa) belong to a finite number of affine hyperplanes. 
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Proof. If the first condition is not satisfied. If A^"^^^ x • • -x Aj'^'-' is nonzero, then J2i=i — 
n, hence there are a finite number of non negative sequences (ai, . . . ,at) such that [.["^A^"^' x 
• • • X a|°'' is nonzero. If A^"'^ x • • • x a|"*' is reducible, this means that |.|«- A,[°*^ is 
linked to j.l^j A^"^'' for some i < j. Hence there are two cuspidal representations pi and pj, and 

two integers k e {—h, ■ ■ ■ ,h} and I G {—Ij, ■ ■ ■ , Ij} such that |.|"'+''/9i = hence u belongs 

to the proper hyperplane q-r(ui-uj+k-i) _ Cp^c^.{w)^ where r = = Vj. Hence u belongs to a 
finite numbers of hyperplanes if I. is not satisfied. 

If the second condition is not satisfied. The central characters of j.l"! A^"^' x • • • x j.!"! Aj"'"* and 
I X ... X aI''*'' are equal for two different sequences of nonnegative integers (oi) and {bi) 

such that X^i'^j — ^'^d such that these representations are nonzero. Again the sequences 

(oi) and (bi) belong to the finite set of sequences of non negative integers verifying ai < n. 
Let i be an element such that ^ hi, for example ai < bi, the equality of the central characters 
at vj gives the relation: g(''~'^')"iA = b{ui, . . . ,Ui^i,Ui+i, . . . ,Ut), for A = c^(bi){c^(ai))~^ {ru), 

and b{ui, . . . , Mi+i, . . . , Ut) — Jliaii ^ (a^jC^J^ (ro). Hence u belongs to a finite numbers of 
hyperplanes if 2. is not satisfied. 

If condition 3. is not satisfied, then L'™(|.|"' A^, x^, s) and Aj , Xa, s) have a common 

pole for some i ^ j. This implies that Lg^'^d.j"* A-"*', Xqj and Lg"(|.|"j A^''*-', Xa, s) have a 
common pole sq for some non negative ai and bj according to Proposition 13.131 Thus [.["^ A^''*'' 
and [.["iA,-"'-* are (77„, Xa^|. I""" -distinguished according to Proposition 13.81 But if < n and 
rrij < n are the positive integers such that A^''^-' and a|°''' are respectively represnetations 
of Grrii and Gmj (which must be even as they correspond to distinguished discrete series), then 
this gives the equation g™i'"j('"j-'"i)c™'j^^c ™^)(ii7) = 1 (as Xa restricted to Z^. and Z„ij is 

trivial). Hence u belongs to a finite numbers of hyperplanes if 3. is not satisfied. 

If condition 4. is not satisfied, then the factors Ld.j^'Ai, |.|"jAj, 2s) and L(|.|"'=Afe, |.|"'Az,2s) 

have a common pole for some ^ {k,l}. This imphes that Lea;(|.|"'Aj-"'\ A^"^\ 2s) 

and Lexi\-\"'' |.|"' A|°''', 2s) have a common pole sq for some positive integers ai,aj,ak and 

ai, according to Proposition [231 which implies that Af''' = |.|"-«.-2so(a("'))v and aI"'^ = 

I iMfc-Mi-zso |-A(^afc)^v g^j^jj Proposition 13.31 Let m^j < n and m;_fe < n be the positive integers 



of Grak 1 1 we obtain the equation 



such that A^'^ and A^*^^ are representations of Gmi , , and A^"'' and A, are representations 



Hence u belongs to a finite numbers of hyperplanes if 4. is not satisfied. 

In a similar manner to 3. and 4., one proves that u belongs to a finite numbers of hyperplanes if 
either 5., 6. or 7. is not satisfied. 

The last case (8.) needs to be treated more carefully. We will actually check that except for a 
finite numbers of s € I?, one has H am p^{\. I'' Ai x |.|~*A^,Xa^) is of dimension at most 1, and 
this will imply the result. Let's omit the index 1 in the following, to simplify notations. According 
to Proposition II. 31 the restriction to P„ of the representation j.j^A x |.|~^A^ has a filtration by 
the P„-modules 

. . . , \,\l-lp] X |.|-[|.|l-'+V, • • • , P^]) 

for a + b < 21. In general, one has an isomorphism between the space 

i7omp.(($+)(''+^)'--i*+(i.ni.iv, . . . , it'p] X i.rni.r-'+v, . • • 

and 
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1/2 

according to Proposition 13.91 where iJ.(^a+b)r — '^„_(a+f))r '^^i^^ + even, and H(^a+b)r — 1 

when (a + b)r is odd. Hence ioi a + b — 21, the space of £romp.(($+)('^+^)''~-i^'+(l),x~^) is of 
dimension at most 1. If a = 6 < ^, the central character of 

i.ni.rp,...,i.r-V]x|.r^[i.|i-'+v,...,p^] 

is equal to t |t|''°('~'^), hence 

HornG'^_^,^j-n\rp, • ■ • , i-rv] x . . . , x^V2a,.|.r'/') 

is reduced to zero because 

t ^ XoV2a.(t/„-2ar)KP"'-"^/' = |<|(2— 

is different from 1 1— >■ (they have respectiveley negative and positive real parts). If a 7^ 6, 

the central character of 

i.r[i.i>,...,i.r-V]x|.rii.r-'+v,.-.,/] 

is equal to t ^ |t|s'-(fc-a)^h-a|^|r(a+-+;-i+(i-;+f,)+-+-i)^ ^-^^^^^ 

which is possible only for a finite number of s G V. This concludes the proof of the proposition. □ 

The interest of considering representations in general position, is that the L function i'*" is 
easy to compute for those representations. 

Proposition 4.2. Let u be in general position with respect to (tTjXq), and 7r„ = Aij.!""^ x • • • x 
At|.|'"*. One has L^rad{ex)i'^^^Xa,s) = I, except if t = 2, in which case Lrad(ex)i^^^Xa, s) = 

i™rf(e.)(Al|.|«^A2|.r^2s). 

Proof. If t > 3, then L.rad(ex){'^u, Xqi s) = 1 as an immediate consequence of Proposition 13. 12] If 
t = 2, and L^rad(ex)(^'>^^ Xa, s) has a polc at sq, because u is in general position, Proposition l3.12l im- 
plies that Lradiex){\-\''^ '^1, |-r'A2,2s) has a pole at sq- Conversely, if Lrad{ex){\-\''' ^1, M"^A2,2s) 
has a pole at sq, then |.|"2A2 ~ |.|-2so-"i a^, i.e. A2 ~ |.|"'A^ with e = -2so - m - U2, and 
[.[""tTu is (i7„, ^)-distinguished according to Theorem 12.11 But according to condition 8. of 
Definition 14.11 this implies that the space 

i7omp.(|.r«^„,X-^) 

is of dimension < 1. The representation |.|"2A2 x j.j^^Aj being generic. Proposition 13.111 implies 
that L^rad(ex)i\-\''°'^^' Xa, s) has a pole at 0, i.e. that L'-^ad{ex)('^n,Xa, s) has a pole at sq. Hence 

both Euler factors L''™^^^^.^{tTu, Xa, s) and Lrad(ex){^i\-\'^^ > A2|.|"^, 2s) have the same poles, which 
are simple according to Propositions 13.81 and Proposition 13.31 hence the two factors are equal. □ 



Proposition 13.131 has the following consequences. 

Proposition 4.3. Let u be in general position with respect to (tt, Xa) be in general position. Let 
{ai)i=i,,,t and (6i)i=i...t be two sequences of non negative integers, such that bi > ai, and A^'^'^' 
and A^^'-* are nonzero for all i in {I, ... ,t} . T/ien L''"(|.|"i A^ x • • • x |.|"* Aj'"', Xq> s) divides 
L'»(|.|"^A^^ X •••X |.r'A^\xa,s). 

Proof. Let A^ be |.|"' A^ for all i between 1 and t. Let tTq be the representation A'/"^-* x • • • x Aj^"'"*, 
and TTfc be the representation A'/''^^ x • • • x A^'-'''''. The irreducible factors of the derivatives of Tr^ 
are the nonzero representations of the form A'/*^^-* x • • • x A'/'^'\ with > Oi, and the irreducible 
factors of the derivatives of tti, are the nonzero representations of the form A'j^'''^-' x • • • x A'/''*'', 
with di > bi. Hence the proposition is a consequence of Proposition 13.131 □ 
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Proposition 14.21 13.131 and 14.31 imply immediatly. 

Proposition 4.4. Lei 7r„ = Ai x • • • x |.|"* be in general position. For i in {1, . . . ,t} , and 
tti be the smallest positive integer such that a|'^''' ^ 0, then 

i'"(7r„, xcs) = vU^'*"(l-r^ Ai X ... X |.r-^ A,_i x l.p'A^' x 1.1""+^ A,+i x . . . x M"* A,, Xa, s), 
j/^ ^ 3, and L'™(7ru, Xct, s) is equal to 

i™<^(e.)(Al|.r^A2|.r^2s)[L'™(|.r^A^''^) x |.r=A2,xc,s)vL'"(|.r^Ai x \.rA^^'\xo.,s)] 

ift^2. 

We finally obtain the following theorem for representations in general position. 
Theorem 4.1. Let u be in general position with respect to {tt^Xo)- Then 

t 

L'™(7r„,Xo,s)= n i(|.r-A„|.r^A,,2s)[]L'»(|.|"'=Afe,Xo,s). 

l<i<j<t k=l 

Proof. We prove this by induction on n. As < > 2, we have n > 2. For n = 2, we are necessarily 
in the situation where 7r„ = |.|"^Xi ^ |.|"^X2 for some characters xi and X2 of F* . In this case, 
, Xa , s) = L,,a(ex) ( | . 1"^ Xi , 1 . 1"' X2 , 2s) = L ( | . 1"^ Xi , I . X2 , 2s) according to Proposition 
14.21 and because L(|.|"ixi) |.|"^X2; s) — L(|.|"^^"^XiX2, s) has at most one simple pole, which is 
exceptional. Moreover, L'™(|.|"ix1^^ x |.|"^X2, Xa, s) = i'™(|.r'X2, Xa, s) and L""(|.|"ixi x 
|.r'X2^\xa,s) ^ L'™(|.|"ixi,Xa,s), and the result follows from|121 
If f > 3, according to Proposition 14.41 one has 

L""(7r„, xa, s) = vUi""(|.r^ Ai X ... X M^-^ A,_i x M"- A^^ x A,+i x . . . x M"* At,Xc., s). 
By induction hypothesis, the factor 

L""(|.riAi X ... X |.r-iA,_i X l.r-A^' x |.r-+iA,+i x ... x |.r'At,Xa,Xa,s) 
is equal to the product of 

J] x(i.r'=Afc,|.r'Ai,2s)i];L'"(i.r''Ap,xa,s) 

and 

L'"(|.rA^^xa,.)^^(|■^'^fc''|•|""^^"'^2s)^i(l•rA^^|.r''A,,2s). 

This last product divides 

( I . r » A„ Xa , s) n i( I • r Afc' , I . A„ 2s) n i( I • r- A,; , I . A,, , 2s) 

k' <i i<l' 

according to Propositions 14.31 and Now, as u is in general with respect to (tt, Xa), according 
to Definition mH the factors L(|.|"'Aj, |.|"' A^-, 2s) and L(|.|"'' A^, |.|"' A;, 2s) are coprime when 
^ {k,l}, the factors L(|.|"'Ai, |.|"^ A^-, 2s) and Afc, Xa, s) when i ^ j, and the 

factors L""(|.|"'=Afc,Xa,s) and A;, Xa, s) when fc 7^ /. Hence when t > 3, the 1cm 

vU^'^d-r^Ai X ... X |.r'-A,_i X irA^^ x |.|"'+^A,+i X ... X |.r'Ai,Xa,s) 
is equal to 

t 

Yl L(|.r'A„|.rA„2s)ni'"(i-rA,,x.,s), 

l<i<j<t fc=l 
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which is what we want. 

If t = 2, by induction, we have 

L'"(|.r^A('^^)x|.r'^A2,Xa,s) = L'™(|.r'^A(''^\xa,s)L'"(|r=A2,Xa,s)L(|.|"^ 
and 

Again, as u is in general position, and because of Propositions 14.31 and 13.51 the 1cm of these two 
factors is 

L'"(|.r^Ai,Xo,s)L'"(IT'^A2,Xo,s)[L(|.r'^A^\|.r^A2,2s)VL(|.r^Ai,|.r=A("=\2s)], 
which is equal to 

L""(|.r^Ai,Xo,.s)L'"(|.r'^A2,Xc.,s)i(o)(|.r"^Ai,|.|"^A2,2s) 
according to Proposition 13.41 Finally we obtain 

L'™(^„,Xa,s) 

= L™d(,,)(Al|.|«^A2|.|"^2s)L'»(|.rlAl,Xc,s)L'"(|.r^A2,Xa,s)L(o)(|.r^Al,|.|"-A2,2s) 
= L'»(|.|"iAi,Xa,s)L'™(|.r=A2,Xa,s)L(|.riAi,|.|"^A2,2s) 

according to Proposition 14.41 which is what we wanted. □ 

4.2 The inductivity relation for irreducible representations 

We recall from |Sil| that any irreducible representation r of Gn , is the unique irreducible quotient 
of a unique representation tt of Langlands type. By definition, we set L'™(t, s) = L'™(7r, s). We 
extend the relation L'™(7r, Xa,s) — ni<i<,<t ^(Ai, Aj, 2s) nfc=i -^'*"(Afe, Xqj to representa- 
tions of Langalnds type, for —1/2 < Re{a) < 0. We fix vr = Ai x • • • x Aj a representation 
of Gn of Whittaker type for the beginning of this section, and make no assumption on a. The 
representation tt will become of Langlands type, and we will add a restriction on a later, when 
we need it. We first prove the following Lemma: 

Lemma 4.1. Let f belong to Vt^, and a a character of F* . The ratio 

ni<.<,<* i(M"'A,;, |.|«^ A„ 2s) nLi i'"'(M"'' Afe, s) 
belongs to C[(7^", q^'*] . 

Proof. According to Theorem 13. 11 the ratio in question is an element of C(q^", For fixed u 

in general position with respect to (tt, Xa) (i-e. outside of some hyperplanes Hi, ... , Hr of I?*), 
it belongs to C[(7*'']; in particular, it has no poles. Let P be the denominator of 

ni<.<,<ti(M-A, X |.|".A„2s)nLii'™(M"''Afc,s)' 

then the set Z{P) of zeroes of P is contained in the union IJ^ Hi x T). If P was not a unit of 
C[g^",(7^*], Z{P) would be a hypersurface of 1?*+-'^, and one of its irreducible components would 
he HiXV for some i. This cannot be the case, as for any fixed u, for s large enough, the fraction 
01 Xaj •s) is defined by an absolutely convergent integral, hence is holomorphic, and the 
inverse of ni<i<j<t -^d-l"' Ai x Aj, 2s) fl^^^ i'^d.!"*" A^, s) is polynomial, hence without 
poles. This concludes the proof. □ 
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This has two coroharies, the first being straightforward. 
Corollary 4.1. Let a be a character of F* , the factor L'*"(7r, Xa, s) divides the factor 

t 

n i(A„A,,2s)ni'"(Afe,Xo,s). 

We introduce the following notation: if i? is a integral domain, with field of fractions F{R), 
and r and r' belong to F(R), we write r ~ r' if r and r' are equal up to a unit of R. 

Proposition 4.5. Let a be a character of F* , we have 

t 

V™ , xa , ^, s) ^ n 7( I ■ A„ I . A„ 2s) n 7"" ( I . r '= Afe , Xo , ^, s) 
l<j:<j<t fc=l 

in C(I?*+"'^), hence 

t 

7'™(^,Xa,^,s)^ n 7(A„A„0,2s) J]7'"(Afe,Xa,^,s) 

l<i<j<t fc=l 

m CiV). 

Proof. Let eQ"(7r„, Xa, ^, s) be the element of C(I?*+^) defined by the relation 

_ (^n , Xa , ^, Ul<^<J<t ■ | '"^ AJ , | ■ r A^ , 1 - 2g) QLi ( I . I , J- M/2 - 

ni<.<,<t ^(i-h A., i.h A„ 2s) nLi i''"(i-h A/c, Xa, s) 

This can be rewritten, for any / in J-,^, as the equality: 

nLi ^'"(1-1-"'= 1/2 - s) ni<,<,<, Av, |.|-^ 

^ e[)"'(7r„,Xa,g,g)^(W^/,„,0,Xo,g) .gx 

nLi A,, Xa, ni<.<,<* m-h A„ |.h A„ 2s) ■ 

If u is in general position with respect to (tt, Xa), the relation eg"(7r„, Xa, s) = Xa,(^i s) is 

satsified, in particular eQ"(7r„, Xa, ^, s) has no poles for u in general position. First, we notice that 
this implies that eQ'^{TTu,Xa,0,s) actually belongs to C[2?*+^]. Indeed, let P be its denominator, 
reasonning as in proof of Lemma l4.ll if P is not a unit of C['D*+^], the set Z{P) necessarily 
contains a subset of the form H xV, for H an affine hyperplane of 2?*. But Equation ^ implies 
that Z{P), and hence iJ x 2?, is a subset of the zeroes of the polynomial 

nLi A,, Xa, s) ni<,<,<t A„ |.|". A„ 2s) 

for any / and 0. In particular, according to Proposition 13.141 and its corollary, for any Pq in Vq, 
the hyperplane H x "D is a. subset of the zeores of 

Po(g^") 

nLi^'"(M"^-Afe,Xa,s)ni<,<,<ti(M"-A„|.|«.A„2s)" 

But by definition of Vq, and thanks to Remark II. 11 for any fixed u, there is Pq in Vq such that 
^bl?^") = 1- For fixed u, this would implie that H xV \s a subset of the zeroes of 

1 

nLii'"(l-h^-A,,Xa,s)ni<,<,<t^(M"'A„|.|«.A„2s)' 
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which is impossible as this polynomial is nonzero as a polynomial oi q This thus implies that 
P is a unit, and that eQ^{Tru, Xa, 9, s) belongs to C[I?*"*"^]. 

Now, if u is in general position with respect to {TT,Xa) and (tt, J„ ^^^Xq have: 

e't{7Tu,Xo.,0,s) = e'"(7r„,xa,6',s) 

and 

eo"(^, S-'/\-\e-\ 1/2 -s) = 6'-(^, S-'/\-\9, 1/2 - s). 
Applying twice the functional equation, we obtain that 

e""(^„, xc, 0, s)e""(5?;, S-'/\-\e-\ 1/2 - s) 

is equal to the constant function 1 or —1 (independantly of u and s). Hence 

e[,™(^„, Xa, 0, s)e[,™(7f;, S-'^\-\0-\ 1/2 - s) 

equals 1 or —1, for u outside a finite number of hyperplanes, so it is always valid as an equality 
of polynomials. In particular, eQ"'{Tru,Xa,9, s) is a unit of C[2?*"'""'^], of the form ^(^IZi for 
integers ki, . . . ,kt,a, and t in C*. We conclude thanks to the relation 

y*"K,xc.,e,s) 



ni<,<,<t 7( I ■ h A, , I . h A,- , 2s) nLi 7'™ ( I ■ h , Xa , 0, s) 
ni<.<,<t A„ \r^A,,e, 2s) nLi a^, xo, 0, s) ■ 

□ 

Lemma 4.2. Let tti and 1x2 be two representations of Whittaker type of Gm and G„2 respectively, 
and a be a character of F* , then the factor L''™{TT2,Xa,s) divides the factor L'*"(7ri x 7r2,XQ,s)- 

Proof. Let tt = tti x tt2- We saw in the proof of Proposition 13.131 that for W in W{tt,9), the 
integral 

*(,n-i)WXa,^)= / W{diag{h,I^,))xc.XnAh)\hr'''/^dh 

belongs to the ideal /(tTjXq)- But according to Proposition 9.1. of |JPSj , for every {W2,(t>) in 
W{tt2,9) X C;?°(F"-^), there is W in W{tt,9), such that W{diag(h,Im)) = W2{h)(j)[rir,^h:)\hy^^/'^ . 
For this W , the integral 5'(ni-i)(W^, Xa, becomes ^'(^2, </>', Xa, s), for 

(j)\ti,t2, ■ ■ ■ ,i[(„2+i)/2]) = 0(ii,O,i2,O, . . . ). 

As every (j)' in C^(F[("'^+^)/^1) can be obtained this way, this proves that /(7r2,Xa) C /(7r,Xa), 
which is what we wanted. □ 

For representations of Langlands type, the preceeding results implies the relation we are 
seeking for. If tt = Ai x • • • x At is a representation of Whittaker type of G„, we will denote by 
^i"!""; Xct! s) the factor 

t 

L^(7r,xa,s) = n^'"(Afe,Xa,s) n ^(A.,A„2s). 

fc=l l<i<j<t 

Theorem 4.2. If t: is a representation of Gn of Langlands type, and a a character of F* with 
-1/2 < Re[a) < 0. We have L""(7r, Xo, s) = L'i"(7r, Xa, s). 
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Proof. We write tt = Ai x • • • x A( , and we denote by the the central character of , so that > 
r^+i. It is a consequence of the corollary of Theorem 2.3 of [JPS] that L{Ai, Aj, 2s) has its poles 
contained in the region {Re{s) < {—Vi — rj)/2}, and of Corollary 13. 11 that L'™(Afe, Xa, s) has its 
poles contained in the region {Re{s) < —Vk} (because —1/2 < Re{a)). Similarly, L{AJ , A^, 1 — 
2s) has its poles contained in the region {Re{s) > (1 — — rj)/2}, and of Corollary 13.11 that 
^Zm^^v^ 1/2 — s) has its poles contained in the region {Re{s) > 1/2 — rk} (because 
-l/2<i?e(a-i|.|-i/2)). 

We now prove by induction on t the equality L'*"(7r, Xa, s) — L'/"(7r, Xa, s). 
There is nothing to prove when t = 1. We suppose that it is true for t — 1, and prove it for t. 
We write 7r2 = A2 x • • • x At and 773 = Ai x • • • x At_i. By Corollary 14. 11 there are two elements 
P and P of C[X] with constant term 1, such that L'--^'^ {tt , Xa , s) — P(g~*)~-^I/'™(7r, Xa, s) and 
Li"ifr,Xa^Sn^^^, 1/2 - s) P(g-'')-lL'"'(^,XaMn^^^ 1/2 - s). According to Proposition [131 
we moreover know that P ^ P. hence it will be sufficient to know that the set of zeroes of P 
and P are disjoint to conclude. By Lemma [4.21 there are two elements Q and Q of C[X] with 
constant term 1, such that _L'"'(7r, s) — Q{q^'')^^L'-"'-{TT2,Xa,s) and 

Xa'S-'^', 1/2 - S) = Q(g-^)-lL""(7f3, Xa '^n 1/2 " s) . 

By induction hypothesis, we know that 

L'"(^2,Xc,5) = L'r(^2,Xa,5) 

and 

jlin/- — 1/2 „\ Tlin(~ ,,— 1^—1/2 „'i 

We thus have the relation P{q-')Q{q-'') = L'i™(7r2, Xa, s)/L'i*"(7r, Xa, s), i-e. P{q'')Q{q^') = 
X'™(Ai, s)""'^ ]^^.>2 -^(^1; 2s)^^, which implies that P{q^^) has its zeroes in the region 

{Re{s) < {-ui-Ut)/2}. 

Similarly, 

Piq-^Qiq-n = L''-{Alx-'S-'/M/2- s)-' Y[ L{Al A^ , 1 - 2s)-' 

i<t-l 

implies that P((7~*) has its zeroes in the region 

{Re{s) > {l~ui-ut)/2}. 
This ends the proof. □ 

4.3 The equality for discrete series 

Let p = pi © • • • © pt be a semi-simple representation of the Weil-Deligne group Wp, with pi of 
dimension n^, and p of dimension n = rii + • • • + rif . Let A^ be the discrete series representation 
of G„. such that pi = (/)(Ai), we can always assume, up to re-ordering the p.^'s (which doesn't 
change p), that Ai x • • • x At is of Langlands type. Li this case, t = 0(p) is the unique irreducible 
quotient of tt = Ai x • • • x A*. Now, as 

a2(Pi © • • • © pt) = ©*^i (pfe) (Bi<i<j<t Pi ® Pj- 

In particular, if we denote by V'^'^^p^s) the factor L{(j){p),s + l/2)_L(0(p), A^, 2s), this implies 
that 

t 

L''''{p,s) = l[L^^-{p,,s) n Hp^^P,,2s). 

k=l i<i<j<t 
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As it is a consequence of Langlands correspondance for Gn that L{pi (g) pj,s) — L{Ai x Aj,s), 
to prove the equaUty L^"''{t,s) = L^"'' {(t){T) , s) for any irreducible representation t of G„, it is 
enough, according to Section to show this equaUty for discrete series representations. We will 
be concerned with the proof of this result in this last section. 

We start with the following corollary of Proposition 13.131 

Corollary 4.2. Let A be a discrete series of Gn, and r the minimal positive integer, such that 
AM ^ 0, then one has i(o"(A,s) = L'™(AW,s). 

Proof. Indeed, we recall that all the nonzero derivatives of A are irreducible. More precisely, they 
are of the form A^''') = [|.p'+i-fe)/2p, . . . , = \.\^/^Stk-iip) for / between 1 and fc, now 

the claim is a straight-forward consequence of Proposition 13.131 and a simple induction. □ 

We recall the following standard resut about L functions of special representations. 

Proposition 4.6. Let k and r be two positive integers, let p be a cuspidal representation of 
Gr, and let A = Stkip). Then L(0(A), s) = L{(l){p\.\'^''-^'>/^), s), in particular L(0(A),s) = 
i(0(AW),s). 

We will need Theorem 3.1 and results discussed in section 5 and 6 of [M2012.2] (namely 
Theorem 4.3 of [KJ, Theorem 1.1 of [K-RJ, Proposition 4.3 of [SJ), which we summarise here. 

Theorem 4.3. Let A be a unitary discrete series representation ofGn, it cannot be Hn- distinguished 
when n is odd, and when n is even, it is Hn- distinguished if and only if it has a Shalika model. 
In the case n even, writing A as Stk{p), where p is a cuspidal representation of Gr, with n = kr, 
when k is odd, A is distinguished if and only if L{(j){p) , /\'^ , s) has a pole at zero, and when k is 
even, A is distinguished if and only if L{(f>{p), Syrn^ , s) has a pole at zero. 

We will use the following lemma. 

Lemma 4.3. Let p be a cuspidal representation of Gr, then L{(j){p), Sym"^ , s) and L{(j)(p), A'^ , s) 
both have simple poles. The function A^, s) is equal to 1 when r is odd. 

Proof. In this case, (p{p) is an irreducible representation of the Weil group Wp of dimension r. Let 
Fr be the geometric Froebenies element of GalpiF). By definition, the factor L{(p{p) (X) (p{p),s) 
equals l/det{[Id — q~'^(j){p){Fr) ® (l){p){Fr)]^yip), where V^" is the subspace of 4>{p) ® (f>{p) fixed 
by the inertia subgroup Ip of Wp- Moreover, we have 

L{4>{p) (g, .s) = L{(^{p),A^,s)L{(^{p),Sym^, s), 

hence we just need to show that L{(f){p)^4>{p), s) has simple poles. To say that sq is a pole of order 
of d of this factor, amounts to say that occurs with multiplicity d in \ .Y°(j)(p)®(j){p), i.e. that 
the space HomwFip^ , M^^P) of dimension d. As p is irreducible, this dimension is necessarily 
< 1. Finally, the complex number sq is a pole of L(0(p),a2,s) if and only if A^{\.\'«^^(j){p)) 
contains Iwfi ^o its contragredient as well, hence there is a (necessarily by irreducibility of (f>{p)) 
non degenerate symplectic form on the space of |.|^o/^0(p), and r must be even in this case. When 
r is odd, L(0(p),A^,s) is thus necessarily 1. □ 

Now Theorem 14.31 has the following consequence. 

Proposition 4.7. Let k and r be two positive integers, let p be a cuspidal representation of Gr, 
and let A — Stk{p) a discrete series of Gn, for n = kr. 
Ifk IS odd, we have L^™^(g^)(A, s) = L((/i(p), A^, s). 

If k is even, we have Lrad{ex)i^^ ^) ^ L{4'{p), Sym"^ , s). 
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Proof. We recall from Corollary 13. 21 that when n is even, the factor Lr"j,i^^^){^, s) has a pole at 
s = So if and only if |.|''°A is i7„-distinguished. 

When k is odd, and r is odd, applying Theoreni l4.31 we have L^™^j.g^^(A, s) = 1, but L{(j){p), A^, s) 
as well according to Lemma 14.31 When k is odd, and r is even, applying Theorem 14.31 we see 
that |.|*° A is if„-distinguished if and only if A^, s) has a pole at s = 0. Now because 

of the relation 

L(|.rXp), A^, s) = A^, s + 2so), 

we deduce that L^^j^^^^^^^A, s) has a pole at sq if and only if L{(f){p), A^, 2s) has a pole at sq. But 
from Proposition 13.81 and Lemma [4.31 the factors Lrad{ex){^^s) and L(<^(p), A^, 2s) have simple 
poles, hence are equal. The case k even is similar. □ 

One last Proposition. 

Proposition 4.8. Let A be a discrete series representation of Gn, and p the cuspidal represen- 
tation ofGr, such that A — Stk{p), with n = kr. 

Ifk IS odd, then one has L(0(A),a2,s) = L(0(p), A^, s)L(0(AW), A^, s). 

If k is even, then one has L{(j){A), A'^ , s) = L((/)(p), S'ym^, s)L((/)(A('')), A^, s). 

Proof. We recall the equality 

[(fc-l)/2] [fc/2-1] 

L(0(A),A^s)= n L(A^,^(p),s + fc-2^-l) J] L{Sym^ , cj,{p), s + k - 2j - 2) 
from Proposition 6.2 of |M2012.2 j. If fc = 2m + 1, then we have 

m 1 

L{cj){A), A^, s) = n L(0(p), a2, s + 2(m - *)) J] L(0(p), ^m^, s + 2(m - j) - 1). (9) 

1=0 j=0 

Then, A('') = \.\^/^St2,n{p), hence we have: 

m — 1 m — 1 

L((/.(AW),a2,s) = n i(0(|.r/'p),A2,s + 2(m-z)-l) [] L WM^/V), s + 2(m- j) - 2) 

i=0 j=0 



= n ^(-^(P)' s + 2(m - i)) H L{c^{p),Sym\s + s + 2(m - j) - 1). (10) 

1=0 j=0 

Comparing equations and IIOI we obtain the wanted equality. The case k even is similar. □ 

Now we can prove. 

Theorem 4.4. Let A he a discrete series representation of Gn, then 

L'™(A, s) = L(0(A), s + 1/2)L(0(A), A^, 2s). 

Proof. We are going to prove the theorem by induction on fc. We start with fc = 1, hence A = p. 
In this case, there are two different cases, if r = 1, then p is a character x of F*. The integrals 
-^{W, (j), s) are just integrals of the form /p. (t>{t)\t\''+^/'^d*t with (f> in C^{F), hence L""(x, s) = 
Lix, s + 1/2) = s + l/2)i(x, a2, 2s). 

When r > 2, the L-factor L(^Q-j{p,s) is equal to 1, because as the elements of W{p,6) restricted 
to Pn, have compact support mod Nn, the integrals 5'(q)(IV,s) which define i(Q')(p, s) have no 
poles. Hence we have 

i'»(p,s) = L^;:,(^^^{p,s) = L{ct>{p),s + l/2)L^;:,(^^^{p,s) (11) 
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because L{(j){p), s+1/2) is then equal to 1. But according to Proposition l4.7l the factor L^^ad(ex)iP^ ^) 
is equal to L{(j){p) , a"^ , 2s), and this proves the wanted equality. 

Now we do the induction step. Suppose that the theorem is true for k~l. We do the case k odd, 
the case k even being similar. 

Thanks to Corollarv l4.2l we have L(^q^{A, s) = L''"(A^''\ s) which is thus equal to 

L(<^(AW), s + 1/2)L(0(AW), A^, 2s) 
by induction hypothesis. Proposition 14.61 then gives the equality 

L(o)(A, ,s) - L(0(A), s + l/2)i(0(AM), A^, 2s), 

so that 

L'™(A, s) = i™d(e.)(A, s)i(o)(A, s) = L{cp{p), A^ 2s)i(0(A), s + 1/2)L(</)(AW), A^, 2s) 

thanks to Proposition l4.7l Applying Proposition l4.8l we can replace L{<j){p) , , 2s)L{(j){A'^^'>) , A^ , 2s) 
by L(0(A),a2,2s), to finally obtain 

L""(A, s) = i(0(A), s + 1/2)L(0(A), A^, 2s). 

□ 

As explained in the beginning of this last section, this has the following corollary. 
Corollary 4.3. Let t be an irreducible representation of Gn, then 

L'™(t, s) = L(0(t), s + 1/2)L(0(t), 2s). 
I would like to thank N. Cheurfa for fruitful conversations. 
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